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Naively, for N state model

N4 unknows 
N6 equations



Naively, for N state model

N6 unknows 
N12 equations

The first non-trivial solution
was established in early 80ʼs
by Zamolodchikov and Baxter.



Appeared in several guises and has been studied from various viewpoints by
Maillet, Nijhoff, Korepanov, Bazhanov, Kashaev, Mangazeev, Sergeev, Stroganov,
Okado, Maruyama, Yoneyama, K,….

2. Quantized (6V & YBE)
YBE: 

Quantized YBE: 

…  YBE up to conjugation.  Also called RLLL relation or local YBE, etc.
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Quantized YBE: 

…  YBE up to conjugation.  Also called RLLL relation or local YBE, etc.

Intriguing applications to stationary states in multispecies 
totally asymmetric simple-exclusion/zero-range processes in 1D.

Has a connection to the quantum group theory, and generalizations to
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…  L-matrix whose elements are  
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…  L-matrix whose elements are  
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Quantized YBE = RLLL relation = a version of tetrahedron equation

… Linear equations on R.



RLLL relation for q-Weyl algebra case





(2) Relation to quantized coordinate ring Aq(sln)

(3) Conjecture on tetrahedron equation
of type  RRRR = RRRR 

Result
(1) There always exists a unique R up to

normalization in each sector specified 
by an appropriate parity condition.

The solution RABC is explicitly obtained for 

New except for OOO.



Factorized 
Not locally finite

3. Solutions
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q-hypergeometric, instead of factorization.  
Not locally finite.

ROZZ



ROOZ

Factorized.  Locally finite.



ROOO

Locally finite.
For this 3d R, representation theoretical origin 
(quantized coordinate ring, PBW bases,…) is known.



4. Conjecture on RRRR=RRRR

if irreducible.



In our case, a similar procedure starting from suggests

where, A, B, C, D, E, F are Z or O or X. 

For A=…=F=O, the irreducibility is known from the representation theory of Aq. Therefore

holds.   (Kapranov-Voevodsky ʻ94)

Other cases are yet elusive, also due to convergence issue for composition of the locally non-finite 3D Rʼs.  

We have listed up the cases (without X) in which the above sums with prescribed   a,b,c,d,e,f, I,j,k,l,m,n
become finite sums due to locally-finiteness.   They are given in the next page. 





Conjecture (based on computer experiments)

They are all valid.



Outlook


