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1. Introduction

2-dimensional (2D) R-matrix

R:VQV —->V®V ie RecEnd(V®?)

space of 1-particle states

space of local spin states

R(IN® 1) =) _ Rla) @ |b)
ab

2 particle scattering amplitude in (1+1)D
local Boltzmann weight of the vertex in 2D
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Yang-Baxter equation
Ri2Ri3R>3 = RozRi3Ri2 € End(V®?),
where R;j; acts on the ith and jth components:

Rr:VVEV, R3:VVKV, R3:VRVKYV
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Yang-Baxter equation implies
e Factorization of 3 particle scattering amplitude into 2 body ones
e Commutativity of row transfer matrices in lattice models

2312

Key to quantum integrability in 2D

Naively, for N state model

N4 unknows
N6 equations

~ Exactly Solved
*Models 25 ¢
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sStatistical =+ =5
;Mechanics £EES
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What about 3D?

Tetrahedron equation (A.B. Zamolodchikov (1980))

R:VVV-sVeVeV Naively, for N state model
Rys6Ro3s R135 R124 = R124R135 R236 Rase € End(V®°) N6 unknows
2 2 N1z equations
4 \ 1 3

3

5 L.

/ . 1 The first non-trivial solution

B 4 S was established in early 80’s

5 \’ by Zamolodchikov and Baxter.
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R 3 string scattering amplitude in (2+1)D
| local Boltzmann weight of the vertex in 3D



2. Quantized (6V & YBE)
YBE: LosLy3Li9 = LigLy3Lo3
Quantized YBE:  RuaseLazeLi135L124 = Li24aL135L236R456

--- YBE up to conjugation. Also called RLLL relation or local YBE, etc.

Appeared in several guises and has been studied from various viewpoints by
Maillet, Nijhoff, Korepanov, Bazhanov, Kashaev, Mangazeev, Sergeev, Stroganov,
Okado, Maruyama, Yoneyama, K,:--.



2. Quantized (6V & YBE)
YBE: LozlLii3L1o = LygLlq3Lo3
Quantized YBE: Rys6L236L135L124 = L124L135L236R456

--- YBE up to conjugation. Also called RLLL relation or local YBE, etc.

Appeared in several guises and has been studied from various viewpoints by
Maillet, Nijhoff, Korepanov, Bazhanov, Kashaev, Mangazeev, Sergeev, Stroganov,
Okado, Maruyama, Yoneyama, K,:--.

Has a connection to the quantum group theory, and generalizations to

Atsuo Kuniba

Quantum Groups in

Quantized reflection equation K(LGLG) = (GLGL)K

Quantized G reflection equation F(LJLJLJ)= (JLJLJL)F m‘tfgr‘a')tji'nfy"“o"a'

Intriguing applications to stationary states in multispecies
totally asymmetric simple-exclusion/zero-range processes in 1D.
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/ “auxiliary space”

“quantization”

L12 - L}?ﬁ 2
C* ® C? 3
1 >

- L-matrix whose elements are

- W, (g-Weyl algebra)-valued

\ O, (g-Oscillator algebra)-valued



“quantization”

L12

> ng:g
C? ® C?

- L-matrix whose elements are

LX
- W, (g-Weyl algebra)-valued /

] 1z

) O, (g-Oscillator algebra)-valued - LO

We will consider L% O

_—

/ “auxiliary space”

— Two representations of W,

—_—



Wy ¢-Weyl algebra (generators X1, Z+1)
XZ =q/X
wx : X|m)=q™|m), Zlm)=|m+ 1)

Representations {
7z X|m)=|m—1), Zlm)=q™|m)

These are irreducible representations on

eraﬂm)

meZ

)

Tx VS Tz --- ‘“coordinate” vs “momentum ” representations

of the g-canonical commutation relation.



O, g¢-Oscillator algebra (generators k, at,a")

kat =gatk, ata” =1-—k?

ka  =q¢ lak, aa®=1-¢’k?

O - k|m> =q"|m), a+|m> = |m + 1), a_|m> = (1- q2m)|m —1)

7o is an irreducible representation on There is an embedding O, — W,
k— X
F+ — 69 (C|m> at — 7
mEZZO

a~ — Z71(1 - X?)



b
LA (A =X, Z,0) are defined by quantized 6V weights 74 ( i ‘T_’ a )
J

0 1 0 1 0 1
0—1+0 141 141 o0 otr1 110
0 1 0 1 1 0
LX
1.2 } r S twX —qtX Z  Z7l(rs—t2wX?)
LO 1 1 uk —qu— 'k ar a-

r,s,t,w, 4 are parameters.

Relations of generators in W,, O, may be viewed as quantizations of the “free-fermion condition” of 6V.



Quantized YBE = RLLL relation = a version of tetrahedron equation

R456L2.‘36L135L124 — L124L135L236R456 .

o
af __ l :
RZ(EQB@)E ®£ ) Z(EQB@)LQC@LB’Y)R ‘6'75_ Y Q
o, B,y B 0
— £ _ C _
\ A é/b 2\;\05 /
Za,ﬂ,7 VR456 o /4 &\g’ — Za,5,7 /é/34\ . o R456 -+ Linear equations on R.
}l\ a J/}l

R depends on the choice of the three kinds of L’s as
RL’L?L? = L’L LR — R=R"%”
RLZL°L° = L°L°L?R — R = R99?

In general RICLBILA = [ALBIL°CR —s R = RABC



RLLL relation for g-Weyl algebra case

RI®X®X)=(1®X®X)R,
R(T2t1X ®1RYs+13Z2 QY ® X) = T1t2(1 QX ® YB)R7

R(—qtits w1 X @Yo @ X + Y1910 Y;) =rmirs(19 Y2 ® 1)R,

rtaR1®X®Z)= (ntXe10Z+t:Y10Z1® X)R,

R(gratitswsX @10 X —Z QY2 ® Z) = (qrat1tsws X ®1 0 X - Y1 ® ZQY3)R,
Rt1unX @ Yo ® Z + ratawzY1 @ 1 ® X) = ratow (Y1 ® X @ 1) R,
RX®X®1)=(X®X®1)R,

S3t2R(Y1 QX ® 1) = (th Yo ®Z + s2t3Y1 1 ® X)R,

5153R(1®Y>2® 1) = (—gt1itaws X @Yo @ X + 521 ® 1 ® Y3) R,

rirsR1Q®Z®1) = (—qtitsun X ®Z QX +1rZ2R1® Z)R,

ratows R(ZQ@X ®1) = (i X @ Z QY3 + ratawsZ @1 Q@ X)R,
RX®X®1)=(X®X®1)R,

RtX®ZQYs+5:43Z201®X) = s3t2(Z® X ® 1)R,

(—gsatitsun X 1@ X +Y1 @ ZQY3) = (—gsotitaun X @10 X+ ZQY> ® Z)R,
(s1t2w2l @ X @ Y3 = (satjun X ® 1 @ Y3 + t3w3Z @ Y2 ® X )R,

(—qt1tsw3 X @ Z QX +52ZQ01Q7Z)=5153(10 Z R 1)R,
(
(

o o)

o)

=)

R tg’lUgYi ®Z®X—|—32t1w1X®1®Z) — Sth’IUQ(l@X@Z)R,
R1®X®X)=(1®X®X)R.



(0,0,1,0,0,1
(0,0,1,0,1,0
(0,0,1,1,0,0
(0,1,0,0,0,1

(0,1,0,0,1,0) :

0,1,0,1,0,0

0,1,1,1,0,1
0,1,1,1,1,0

(1,0,0,0,0,1) :

(1,0,0,0,1,0) :
(1,0,0,1,0,0) :
(1,0,1,0,1,1) :

(1, 1. 1.0, 1) :
(1,0,1,1,1,0) :
(15 150,011 1

(1,1,0,1,0,1) :
(1,1,0,1,1,0) :

~— el Nl N

( ) :
(0,1,1,0,1,1) :
( )
( )

R = R?%% case R(|i) ®5) ® |k)) = ) R ¢la) ® |b) @ [c)

Ra,b+1,c+1 _ Ra,b,c a’7b7c
iaj:k - .7j_17k_1’
a+1,b,c —a+b a,b,c+1 a+2,b,c+1\ __ ,b,e
q rzwlRm 2 g ws(r181 R” e+ tiw Rij i }=q T1w2Rw Lk
a,b,c b+1 a+1,b,c+1 a,b,c
q° 7'2R e T4 tiwsR, Gk q]'r17'3R” )
a,b+1,c a,b+1l,c+2\ _  —k 2 a,b,c 2 a,b,c
q rlwz(rgngu p ot tswsRY Y )= 7'2’11)1(7‘333R1_1 Gk T Otws R o) + qt ’wg(TQSQRU ko1 T @ tawe R ),
a+1,b,c+1 —a+b—c a+2,b,c a,b,c+2 a+2,b,c+2
gratzwi Ry +q (7‘333(7"1isz e T tiw R ik ) +taws(risi Ry + tiwi Ry )
) ,C k a, b { b4 2 a, b C
= qrztswle_l k1 T qz It (T232R” e e t2w2R” 2.k
a,b,c+1 b—c a+1,b,c a+1,b,c+2 a,b,c
q rgthmk +q tl(rgngHk + tzw R”k ) —qr3t2R” 1Lk
a+1,b+1,c a,b,c
R 1,9,k R 1,5—-1,k>
a,b+1,c a,b, j— 2 pa,b
q s;:.szl.7 =4 szng” ke g wl(r333Rz_1 ik T tawsg R ik 2)s

a,b,c i+k abc i+1 a,b,c
q 3133Ruk = ¢ R T s wi R g
—b a,b+2,c\ _ —j+1 b, 2 a,b
q 7‘11”3(7”232R ik +t2w R”k )=q"’ t1w3(r232R,_1Jk @ wa RS 5k )
a,b,c a,b,c

+q sz(Tlsl(Tasst} w + @ tswsRYe o) + P tiwi (rassRy 4 tswst_bch k—2))>

a,b+1,c
1,7:k

b b, b, b, b,
+ tiw Rfji il =g 7‘2t3(7‘1$1RfJ e—1 T tiwig R;l_z?j’k_l) + g7tk (7'232Rf_10] g qztzszf_ch 2, k)s

q “rata(risiR;”
a+1,b+1,c _ pa,b,c
Ri,j,k - Rz’— 1,7—-1,k?

a,b,c+1 a+2,b,c+1 —b+c a+1,b,c a+1,b+2,c\ __ ,bye 2 a,b,c
q- 8211)3(7‘181sz e +Ftw R” . )+4q 'LU1(7'232R,L] 2+ tw R” k )=4q~ 33w2(r131R” kT4 tlwlRi—2,j—l,k)’

a+1,b,c+1

q32t1w3Rz ¥ +q%" bq‘c('l‘zSzRZ 5 e + t2 wa R 012, c)

1,9,k
a,b,c

b bt | b
= gsytiwsRM%° k—1T4 k(r151(r3s3REDE ikt ¢*tzwz R ih—2) T4 2wy (ra3s3 RS g t3w3Rf_2CJ x=2))s

=gq szthf_bch g +4a Hr]t3(7‘151R” k11t tlwlR:—bzcg k—1)>

—itj—

a,b+1,c

q Sltsz ik

—— a,b,c+2 a+2,b,c a+2,b,c+2
q 82(1"181(7‘383sz k + tsw R,L] k ) + tlwl(rgng” k + tsw }21‘7 k ))
—b+1 a+1,b,c+1 a+1,b4+2,c+1\ __ a,b,c 2 a,b,c
+q tg,wl(rzszRZJ i + tow R” s J=ig Jslsg(rzszR” % +4q tgng” ), i)
a+1,b,c a+1,b,c+2 b a,b,c+1 a,b+2,c+1 —k 2
q 32t1(r333R”k +taws R T) + ¢ ta(rese Ry Htawe RETTT) = ¢ sltz(rgng” 1k T4 tgngm 1Lk—2)>

a,b+1,c+1 a,b,c
R,J,k _R,J 1,k—1"



Result

(1) There always exists a unique R up to
normalization in each sector specified
by an appropriate parity condition.

The solution RABC is explicitly obtained for

ABC feature ﬁ}ﬁzsllll:ss
777 | factorized no
OZ7Z o1 no
220 o1 no
1207 30o-like no
00Z | factorized yes
Z00 | factorized yes
OZO0O | factorized no
000 X3! yes
XXZ | factorized no
ZXX | factorized no
X7ZX | factorized no

New except for OOO.

R(ly@li)® k) =) R

a,b,c

abc
zjh ®

b) @|c)

We say that R is locally finite if B’ = 0
for all but finitely many (a,b,c) for any given (i,j.k).

(2) Relation to quantized coordinate ring Aq(sl,)

(3) Conjecture on tetrahedron equation
of type RRRR = RRRR




3. Solutions

RZ2Z R??? ¢ End(F ® F® F)

AT

(r1,81,t1,w1) (72, S82,t2,wa) (r3,Ss3,t3,Ws3)

d d d3 d

el O ag dg dy
wii = () (mem)” (55) (i)
13w 1t3Ws3 113 3l1wy
Dy, (%) D4, (Zggi) Dy, (%)
o dy (_(17“_13) (I)d3+d4 (g;ﬁ?)
7 ((dl dy)(d1 + do + d3 + dy) + dsdy) — dy,
a+6— d3\ _[—e—-btec+i+j—k
b—i—k)’ \di) \a—b—c—it+j+k

m'_(7q Q) (TTLGZ),

X

a7b)c7i7j?k E Z

Factorized
Not locally finite



ROZZ
R9%Z ¢ End(Fy ® F ® F)

P

% (T27 32at27w2) (T37 337t37w3)

a 7 —b+y —ctk
com 9 S3 lowo ’ pts (25 4%)a (a=b+j—1)c—(i—b+j—1)k—aj+bi ;
Js ra $9 [LS2 3 (9% 4%)a

—27 -1 2
X 21 (Z—l ’fzafz g g _2"’_%) -
k. a’aiEZ207 b,C,j,kJEZ
MQSQ rsws 2k —2¢c+2
L = Y Yy = 9 y ~ = aq
rotwws =83

g-hypergeometric, instead of factorization.
Not locally finite.



RO0Z RO9Z c End(Fy ® F, ® F)
) / T

M1 M2 T37837t3)w3)

3 unique solution iff Z—; = q? for some d € Z.

e poss\” (taws\" ik (P12 0%, (q2a+2>Q)
Rz qk = Sg(ﬂgtg) e q 2a—2e.
t3ws 353 (0% %) ¢(a L0 s

1 , 1 :
€:§(G—C—|—j—|—k’—|—d), f:§(b—|—c—|—7,—k—d) a,baiajEZZO, c,k€Z

Factorized. Locally finite.



RO0O
ROOO - EIld(F+ ® F+ ® F_|_)
1&

H1 H2 M3
ps\' (o (2 )"
Re-be = gatbgbte (—3) <__1) (_2) g kb (k=it1)
1,k i+j T j+k 15 13 I

(o 5 g g 2 a5
5 (QQZQQ)CL(QQZQQ)bQ 1 Fair e e

a,b,c,i,5,k € Z>o

Locally finite.
For this 3d R, representation theoretical origin
(quantized coordinate ring, PBW bases,:*) is known.



4. Conjecture on RRRR=RRRR

Ri24R135 R236 Ras6 LapeLaysLgyaLlassLgsaLiyst

= Ri24R135R236 LigyaLloysLapgsLias3Lgsa Liys1 Rase

= Ri24R135Lgy4Loys5Lgs2Las3sLagelys51R236 Rase

= Ri24R135LgyaLgsoLays LassLiys1 LapeR236 Rase

= Ri24LgyaLgsaLys1LassLaysLagelR135 R236Ras56

= Lys1LgsoLgyaLlas3LaysLageR124R135R236 Rase,
= Lys1LgsaLas3LgyaLlaysLageR124 R135 R236 Rase,

Rys6Ro36R135 R124 LoageLoysLgyaLlaszLgsaLiyst
= Rus6R236 R135 R124 LogeLoysLaszLgyalgsaLiyst

= Rys6R236 R135 LapeLaysLaszLys1Lgsa LgyaR124

= Rys6R236LapeLiys1 LaszLaysLpsoLgyaR135R124
- R456R236L'y(51 LaﬁGLa63L,852La75L,B'y4R135R124

= Ryse¢Ls1Lgs2Las3LageLlaysLgyaRo36R135R124

= Lys1LgsaLas3LgyaLloysLageRase Rose 135 R124.

(R124R135R236 Rase) ~ ! Ras6 Ra3e R135 R124 commutes with
LaBGLa’y5Lﬁ74La53Lﬂ52L751 .

— Rys6Ra36R135R124 = R124R135 R236Rys6 if irreducible.

Rase J

1 g aa
6
5
4\
Y

R236 u

6
1 3
5 >
\
\ 4

R135ﬂ

6
5
Vs W
/ Y




E
In our case, a similar procedure starting from [ BGL 5L5»74La<53L502L 5 suggests

DEF pBCF pACE pABD ABD pACE pBCF pDEF
R406 R236 R1‘35 R124 R124 R133 R2‘36 R456

where, A, B, C, D, E, F are Zor O or X.

For A=---=F=0, the irreducibility is known from the representation theory of A, Therefore

ROQORSOOROGORIQO = ROQORVZOROSORIC  holds. (Kapranov-Voevodsky ‘94)

Other cases are yet elusive, also due to convergence issue for composition of the locally non-finite 3D R’s.

1) R k)R ®|m) ®|n) — |a) R |b) ® |c) ® |d) ® |e) ® |f) component of RRRR = RRRR :

§ : Rdebecz Rawy N5 S 2 : RabdRu,ce ”L)waTUZ
B ) 80 S

T,Y,2 u.k.m- t,7.0 u,v, w0,y " 1.k,z2 T imn
U,V W, %,Y,2 UV, W,T,Y,2

We have listed up the cases (without X) in which the above sums with prescribed a,b,c,d,e,f, ,j,k,I,m,n
become finite sums due to locally-finiteness. They are given in the next page.



ROOOROZOROZOROOO OOOROZOROZOROOO

ROOOROOORZOORZOO — RZOORZOOROOOROOO 456 236 135 124 — i 135 236 456

456 1va36 1135 fty9y 124 1v135 1Ligzg Ligsg RO0O ROZO RZZ0 PZOO _ RZO0 RAZO ROZO ROOO
RZO0 ROOO ROOO ROOZ _ RPOOZ ROOO ROOO RZOO 456 dlgzg Ivi3s Lty19y = IVjgy [Lij35 lig3g figsg
456 ©7236 77135 “H24 7 TH24 U135 77236 77456 0 0Z0 pOOO0 pPZOZ pZOO Z00 pZOZ pOOO pOZO
R R R R — R R R
D07 5007 5000 5000 _ OO0 OO0 BOOZ BOOZ 456 11936  1v135  Lty9g 124 11135 Iia3g  Ligse
R R R R R R R
456 77236 7135 124 T 7MI24 TTI35 TT236 0 77456 000 PZZ0 POZO POZO 0Z0 pOZO PZZ0 pOOO
R R R R — R R R
ROOZ ROOZ RZOO RZOO _ pZOO RZOO ROOZ ROOZ 456 1l93g [Liyzs Liy9y 104 Li135 Lig3g Liggg
456 ©7236 “M135 “M124 T Sh124 U135 77236 77456 - 00Z pZ0OZ pOOO pOZO 0ZO pOOO pPZOZ pOOZ
R R R R = R R R
456 11236 It135 Lt19y 104 Li135  Li536" Lig5g"
IO O TO BT SOOT . . OOF DTS TO 5570
B YR ORIV R Y RO RS RO RIS, Rise Raze Riss Ri2i” = Rypy” Riss” Roge Rise
70 5070 BO%7 S000 . w000 095 505605070
RO PRICCRECERONY . RUOPRICARODOREO. Rise Rase Riss” Risy~ = Riss Ryss” Rase Rise
GO0 w00 5200 BT O 3300 T e 0O0Z nOZZ nOZO pnOOO __ O00 POZO NnOZZ nOOZ
R456 R236 R135 R124 — R124 R135 R236 R456 ’ R456 R236 R135 R124 - 424 R135 R236 R456 ’
TGO OO RO ROT . T 00 SO0 OZ0 070 57705700 w700 8797 o760 5070
R456 R236 R135 R124 - 2124 R135 R236 R456 ’ R456 R236 R135 R124 5 124 R135 R236 R456 )
T B0 OO SOET . 11078% 5000 57005500 007 257 DT HO%G HOROSOT0 30 00%
R456 R236 R135 R124 - R124 R135 R236 R456 ’ R456 R236 R135 R124 — R124 R135 R236 R456 ?
T SO00 SO0 SO0 OO o007 £000 1570
R456 R236 R135 R124 s R124 R135 R236 R456 9
T 007 £S000B007 . 007 5000 500% H707
R456 R236 R135 R124 SF R124 R135 R236 R456 ’
OF 7 pO0OZ pOOZ pOOO OO0 pOOZ pOOZ pOZZ
R456 R236 R135 R124 =E ‘124 R135 R236 R456 9
ZOO 700 hO0ST7E RS i00 700 5700
R456 R236 R135 R124 = 124 R135 R236 R456 9
F77 5007 5007 5002 _ 35007 007 5007 257
R456 R236 R135 R124 - R124 R135 R236 R456 .



ROOOROZOROZOROOO OOOROZOROZOROOO

ROOOROOORZOORZOO — RZOORZOOROOOROOO 456 236 135 124 — i 135 236 456

456 11236 11135 11124 124 11135 1236 Ligs6 RO00 ROZO RZZ0 RZOO _ RZO0 RZZO ROZO ROOO
Z00 POOO POOO POOZ __ POOZ RPOOVO POOO PZOO 456 11936 L1135 Lt1o4 = Liggq fvy35 L1936 lig56
Ris6 Rasg Ryss Ris” = Rioy” Rizs Rogs Risg

: : : : ROZO ROOO RZOZ pZOO _ RZO0 RpZOZ ROOO ROZO
00Z pOOZ pOOO POOO _ OO0 POOO POOZ POOZ 456 41236 {1135 dt124 = Liggq fv135 L1936 Ll456
Rys6” Rose” Rizs Risy = Rioy Rygs Rosg” Rise”

: : : ROOO RZZO ROZO ROZO _ pOZO ROZO RZZO ROOO
00Z pOOZ »pZ0O0 RZOO _ pZOO0 pZ00 pOOZ ROOZ 456 136 fv135 flyoq = figgq  [fvy35 fig3g fi456
Rise” Rage” Riss Rion~ = Risy Riss Ras3e” Risg” .

: : : : ROOZ RZOZ ROOO ROZO _ ROZO ROOO RZOZ ROOZ

456 dto3¢ dl135 dt1oq = Liggq  [Ivy35  lig36 Ligsg
Z0O pOZO pPOZO pOOZ _ pOOZ pOZO pOZO RZOO
B YR ORIV R Y RO RS RO RIS, Rise Raze Riss Ri2i” = Rypy” Riss” Roge Rise
0ZO RPOZO POZZ RPOOO __ OO0 ROZZ POZO ROZO
RO PRICCRECERONY . RUOPRICARODOREO. Rise Rase Riss” Risy~ = Riss Ryss” Rase Rise
000 PZOO PZOO PZZO FTO 5200 IO HO00 00Z ROZZ pOZO pOOO _ pOOO ROZO RpOZZ pOOZ
Rise  Rasg Riss Risa = Risy Riss Risg Risg s Rise” Rygs” Riss Ry~ = Risy Rygs” Rogg” Rysg”
Z00 pOOO PZOO PZOZ _ PZOZ RPZOO POOO PZOO OZO pPOZO PZZZ pPZ0O0 __ pZOO0 RpZZZ pOZO0 pOZO
Rise Rosg Riss Risy” = Ri5,” Ris5 Rasg Risg Rise Rose Ri3s” Risy = Rioa Ri35" Roge Rise
Z00 pZOO POOO RPOZZ _ pPOZZ POOO PZOO PZOO O0Z pZZZ pOZO pOZO _ pOZO pOZO pZZZ pOOZ
Rise Rase Rizs Risq” = Rygy” Risgs Rass Risg Rise” Rase” Riss Riga = Rigy Ryss Ryse” Rasg” -
770 pOO00 pOOZ pOOZ _ pOOZ pOOZ pOOO pZZO
Rise Ras3s Rizs” Risa” = Ria1” Ri3s” Razs Rise s
Z0Z pOOZ pOOO pOOZ _ pOOZ pOOO pOOZ pZ0OZ
Ris6” Ra36” Riss Rip1” = Rio1” Rizs Rgsg” Risg”,
ROZZ ROOZ ROOZ ROOO _ ROOO ROOZ ROOZ ROZZ _ _
‘;"SO 2;20 12320 122§z ;2242 ;'2)50 ;3060 ;5060’ Conjecture (based on computer experiments)
Rise Rass Riszs Risa” = Risa” Riss  Rasg Risg
2727 pOOZ pOOZ pOOZ _ pOOZ pOOZ pOOZ pZZ7Z i
Ris56” Ra3g” Ri35” Ri24” = Ri51” Ry35” Rg3¢” Rise” - They are all valid.



Outlook

quantization

YBE ~ QYBE
Reduction via 3D
generates infinite family of quantum R matrices.

g =1: Local states can be confined to Zy under a” + b" = ¢V type constraints on parameters.

Conjecture (supported by numerics)

RRRR = RRRR is valid for R = R%%47Z,

Any relation to the generalized Chiral Potts model which is connected to R = RXXX ?



