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Quantized six-vertex model is a 3D lattice model with the following features:

Defined on admissible graphs GG on a torus

Layer transfer matrix T (z,y) with two spectral parameters z,y forms a commuting family:
[TG("I’") y)a TG (U, ’U))] =0

Commutativity assured by several kinds of tetrahedron equations

Formulated also as quantized dimer models, includes Free Parafermions, Relativistic Toda etc.
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3D L-operator (building block of quantized 6V model) Bazhanov-Sergeev06, KMY23

V = Cvy @ Cuy, W(q) = (e*",e*") : ¢-Weyl algebra e'e” = ge"e"

L = L(T,S, f, g; q) = Z E,.® Ebj & Eg’; S End(V & V) 03¢ W(Q)
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V': black arrow
W(q): blue arrow

r, S, f, g are parameters



3D L-operator (building block of quantized 6V model) Bazhanov-Sergeev06, KMY23
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L acting on Tz/ ® TJ/ ® WIZQ) will be denoted by L;;k.

It satisfies the tetrahedron equation of RLLL type:
Rys56L236L135L124 = L124L135L236 Ras6

for some Ad(R4s6) € End(W(q)®?)

-+« Yang-Baxter equation up to conjugation 1
(Quantized Yang-Baxter equation)



Quantized 6V model on a torus (G = mby n square lattice case)

Q@ Q@ O ®
1 $ $ * ®. Each vertex is a 3D L-operator
g\
“Q rh “Boltzmann weights” are g-Weyl algebra valued
x,y are boundary “magnetic fields” (serve as spectral parameters)
'-O_I.h

h~V.,W(q); h-v = kv, [h,e'] =0, [h,e ] =€V
: a number op. (counts the number of vy at the boundary)



Quantized 6V model on a torus (G = mby n square lattice case)
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O ph “Boltzmann weights” are g-Weyl algebra valued
x,y are boundary “magnetic fields” (serve as spectral parameters)
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h~V.,W(q); h-v = kv, [h,e'] =0, [h,e ] =€V
: a number op. (counts the number of vy at the boundary)
2D Partition function with fixed boundaries yields Summing over 2D boundaries under PBC yields
Monodromy matrix Layer transfer matrix

T(z,y) € End(VE™ @ VEr) @ W(g)®™ To(z,y) = Tryemgyen (T(z,y)) € W(g)®™"
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Preparation for showing the commutativity
V = Cug ® Cvy, W(q) = (etY,e™™): ¢-Weyl alg. e'e™ = ge%e"
L=L(rs,f9q) € End(V®V)®W(); 3D L-operator
M=L("s,f,¢;—q) € End(VRV)®W(-q); Another companion 3D L-operator

Lijk Mk
A > 1 -
J ]

They satisfy a tetrahedron equation of MMLL type:

Bazhanov-Sergeev06

M6 MsygL135L245 = LogsL135M 346 M 126




Preparation for showing the commutativity

V = Cug ® Cvy, W(q) = (etY,e™™): ¢-Weyl alg. e'e™ = ge%e"
L=L(rs,f9q) € End(V®V)®W(); 3D L-operator
M=L("s,f,¢;—q) € End(VRV)®W(-q); Another companion 3D L-operator

L and M are weight preserving:

Lk M.
7 ik [xhlth(%)h?’,ﬁlzB] =0, [whlth(%)h3,M123] = 0.
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They satisfy a tetrahedron equation of MMLL type:

Bazhanov-Sergeev06

M6 MsygL135L245 = LogsL135M 346 M 126




Thm. [T(;(:c,y), TG (u, w)] =0

Proof.

(i) Combine 2mn copies of £ (blue arrow) and m + n copies of M (green arrow),
and apply the tetrahedron equation to move the green arrow from NE to SW.
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2D projection of the tetrahedron eq.



(ii) Multiply =", 9", u™,v" to the NE boundaries, and apply weight conservation on the LHS.
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(ii) Multiply =", 9", u™,v" to the NE boundaries, and apply weight conservation on the LHS.
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(iii) Multiply (z/u)" from left (w/y)" from right on the green arrow.

| e S *Quh




(iii) Multiply (z/u)" from left (w/y)" from right on the green arrow.
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Generalization to admissible graphs M= M(r,s, f,q;q) satisfies

L and M satisfy 4-types of tetrahedron eq. 2-types of inversion relations.

(o) Ordinary type: (h) Horizontally reversed type:

(I) Ordinary type:

!/ !/ /
When r —S,Q _Qf when 'r’zs’,g’zq_lf’

(t) Totally reversed type:

(I") Reversed type:

1

when 7’ =s' g =q¢ 1 f’

when ' = s’ ¢’ = qf’

L (vertex including blue arrow) depends on r, s, f, g
Recall

M (vertex including green arrow) depends on 7/, s, ', ¢’



Tetrahedron equations and inversion relations are grouped into 3 types (depicted in 2D projection)

Type A: (v) () (i); ' = o',g' = g1 f

(v) (I) (il)

(il’)

Type C: (o) (t); no condition
(0) (t)

The fact that the conditions on the parameters
| in Type A and B are different motivates our definition
. ‘ N\ of admissible graph on the next page.




Def Admissible graphs on a torus

(: a directed graph on a torus; exactly two wires meet at each crossing
(GG is admassible if the initial NE arrow can be moved to the final SW arrow
by applying 8 moves, where type A and B do not coexist.

ik i
i \.‘.' < - . \"'*J
N L/ N/
L - — T
7/ /-
[ v {
admissible non-admissible

Thr
If G is admissible, then [Tg(x,y), Tg(u,w)] = 0.

Conjecture

If G includes no oriented face, then it is admissible.



the initial NE arrow
4

An example of admissible G

NE arrow is transformed to SW
by using Type B and C moves only.
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Another example of admissible G and the associated commuting T;(x,y)

B i
Tg(z,y) = Z T ay' ™2 oy g2 o Bo1y+ Bo2y* + Biox + Bi1y,

71 72 1,J1,72
BO,l — eZuz+U3—w1+wzfg2,r. + eU2+2U4—W3—|—W4fg2T. + eU4—wzg,r2
4 i1 + eU1+2ug+W3fg2,,.2 + eUs—W1+Wng.2S 4+ eUQ—W3+W4g,,.28 4+ eU1+ngT3S’
3 B0,2 — eU1+2UB+U4—W2+W3fg3 + eU3+U4—ng2S + eU1-|-IJ2-|-2U4-|-W4‘}1'938
1 4 eu1+u4—W2+W392,rs 4 eu1+u2+w4g2,rs2'

B1,0 — 6U1+2U2+U4+W2—W3f3g + 6"1+”2_W4f2'r 4 e2U1+U3+U4+W1 f3g7”

+ 6“1+u4+w2_w3f27‘8 + 6U3+U4—|—W1 f2'r'23.

Bl,l — eZU1+U3+W1—W2f298 4+ eUQ+QU3+W3—W4f298 4+ e”l_w3fs2 + eQU2+U4—|—W2j‘2982

G + eu3+W1_W2f'r82 + €u2+w3_w4f7'32 + 6U4+W2 f'f'SS.

B; ; are commuting “Hamiltonians” living in W(q)®*.



Another example of admissible G and the associated commuting T;(x,y)

B i
Tg(z,y) = Z L5 ay ™2 — gty g 4 Boay+ Boay® + Bioz + B2y,

71 72 1,J1,72
BO,l — eZuz+U3—w1+wzfg2,r, + eu2+2U4—W3—I—W4ch2,r. + 6“4_W29T2
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3 BO,2 — 6U1+2U3+U4—W2+W3fg3 + eU3+U4—W1928 + eU1-|-IJ2-|-QU4-|-W4fgf"rs
1 4 eu1+u4—W2+W392,rs 4 e“1+”2+w492rs2.

Bl,O — eL11-|-2L12-i-U4+W2—W3f‘3g + eU1+U2—W4f2,r 4+ 6,2l11+113-|-U4+W1 fggr

+ eul+u4+w2_w3f27"s + eU3—|—U4—|—W1 f2r23.

Bl,l — eZU1+U3+W1—W2f2gS 4+ 6“2+2U3+W3_W4f298 4+ e”l_w3fs2 + eQU2+U4—|—W2f2982

G + 6“3+W1_W2f7"82 + €u2+w3_w4f7'32 + 6U4—{-W2 f’f'SS.

B; ; are commuting “Hamiltonians” living in W(q)®*.

Inhomogeneous generalizations keeping the commutativity [T¢(x,y), T (u,w)] =0

e Boundary magnetic field: x — (xp1,...,2um),y — (Yr1,...,Yyv,)

e 1, s, f, g parameters: (r,s, f,qg) — (7, 8;, fi, g;) for each vertex i of G



Free parafermions Baxter1989, Au-Yang, Perk, Fendley, Alcaraz, Batchelor, Liu, Zhou, Pimenta, Henry, Lu,---

Quantized 5V model corresponding to

!/

K L(ri=1,5=1,f =097 =g;q)

A

G = 1/ 2/ 3/ L

(admissible) o Lry =180 =1,fy = f,9¢ = 0;q)

Y

Inhomogeneity u = p’ = 0 case. To(z,y) = Ta(y) = Z ymJm),

For L = 3, the first Hamiltonian is J() = h; + kg + hs + hy

A A A A A A A A A A A A A
« § « - » o u;tu.y W tw,y
) ) ) X; =e it Z; =e i

> >

. - .
L Lt L

- - X:Z: = q*i 7. X;.
= fgX1 hs = fgXo hs = fgX3 hy = Zy ' Zy ha=Zy ' Z3 9 =4 I

For general L, set ho;—1 = f9X;, hoy = Z, lZH_l similarly, which satisfy
hohat1 = @ 2hgyiha, hohy = hyh, for |a — b > 1



Jm) = 3 ho, - hy. b=V EHb+2<Y)

1<b;<--<bm<2L—1

2L—-1

L—1 L
IO =3 k=32 T Y% [Ta(e),Ta(y)] =0 = [70, 7] =0
a=1 =1 =1

J(™) reproduces the Free Parafermion Hamiltonian (m = 1) and its higher order
conserved quantities (Fendley 2014), when ¢ is specialized to a primitive Nth root of unity
and the following representation is taken:

Qmi

Xilm) =|m—e;),  Zjm)=g¢""|m),

m = (mi,...,mz) € (Zx)F, e =(0,...,1,...,0).



Summary +

Quantized 6V model on admissible graphs G on a torus

Commuting layer transfer matrix T (x,y) with two spectral parameters

T (z,y) belongs to tensor prod. of g-Weyl algebra eie": = ge"ie': attached to each vertex i of G

Commutativity ensured by the tetrahedron equations for the 3D L-operators

Relation to quantum cluster algebra [IKSTY 24]

The R-operator in RLLL = LLLR is obtained from the
quantum cluster algebra for Symmetric Butterfly quiver

Relation to other models

e relativistic Toda chain e dimer model

AN N LY A A
1\ ‘_’\i - 1\ s\ \ 7‘
\ e |
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Rodney’s signature in the 2007 edition of his book
— his familiar hand, fondly remembered
February 14, 1992 March 2008

Yang-Baxter photo

Thank you
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