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		Today’s	topic	:	Quantum	group	symmetry	and		hidden	3D	structure			
		　	
		Ferrari-Mar+n	algorithm	=	composi+on	of	Combinatorial	R	
		New	matrix	prod.	operators		=	corner	transfer	mat.	of	q=0	boson-valued	5V	model		
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Ferrari-Mar+n	algorithm	

・・・	Set	of	states	for		n-line	process	
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・・・	Set	of	states	for		n-line	process	

Elements	of															are	depicted	as	dot	pa2erns			
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								is	most	naturally	formulated	by	Combinatorial	R	of		
			the	quantum	affine	algebra		

Pairing	of	dots	in	adjacent	rows	is	referred	to	as		a	queuing	process		
of	customers	and	service.	
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Matrix	product	(BBQ	s+ck)	formula	for	the	Quantum	R			
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Origin	of	q-boson	valued	L-operator	
			Quan+zed	coordinate	ring		Aq(sl3)			[Kapranov-Voevodsky,	1994]	
			Quan+za+on	of	Miquel’s	theorem	[Bazhanov-Mangazeev-Sergeev,	2008]	
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Combinatorial	R:		

In	the	above	example,			R:	

(A	more	intrinsic	defini+on	exists,	but	this	suffices	for	this	talk.)	
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Combinatorial	R:		

In	the	above	example,			R:	

Fact	(from	general	theory	of	crystal	base	by	[Kashiwara,	1991-])	

Combinatorial	R	is	a	bijec+on																																							sa+sfying	YBE.			

(A	more	intrinsic	defini+on	exists,	but	this	suffices	for	this	talk.)	
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	Ferrari-Mar+n	map						as		``Corner	transfer	matrix	(CTM)”	



To	each	vertex	here	(=	Combinatorial	R)		
we	are	to	subs+tute	the	BBQ	s,ck	formula	at	q=0.			

a	
j	

i	
b	

=	

q								0	
q-boson	valued	6V	model		

Each	Layer		forms	a	configura+on	of	

	q=0-boson	valued	5V	model	

q=0	



Result	:				
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sta+onary	states	under	P.B.C.	is	Tr(X	X	….	X)		due	to	the	cancella+on					

If	the	operators		 sa+sfy	

(h:	local	Markov	matrix),		hat	rela-on:	

The	hat	rela+on	is	an	infinitesimal	version	of		
the	Zamolodchikov-Faddeev	(ZF)	algebra	

with	spectral	parameters	x,	y		via	the	correspondence	

Local	form	of	sta+onarity	

(	S(z)		=	a	stochas+c	R	matrix	at	q=0		given	in	the	next	page	effec+vely.)		
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In	our	n-TASEP,		X(z)	=(X0(z),…,Xn(z))	and	the	ZF	rela+on	are	given	by		

Layer	transfer	matrices	and	their	bilinear	rela,ons	(q-mel+ng)	

Tetrahedron	equa,on		(Single	local	rela+on)	

q							0	
highly	non-local	 Strategy	
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・・・	q-boson	Fock	space	F	
	

q-Mel+ng:		5V										6V		and		Corner											Square	Layer	

arach	spectral	parameter	
back	for	q≠0	



=	

・・・	q-boson	Fock	space	F	
	

NW-free/SE-fixed	boundary	condi+on	

q-Mel+ng:		5V										6V		and		Corner											Square	Layer	

arach	spectral	parameter	
back	for	q≠0	



Bilinear	rela+ons	of	Layer	transfer	matrices			

Fact:		The	ZF	rela+ons	are	included	(!)	in	(1)	and	(2)	at	q=0.	



Bilinear	rela+ons	of	Layer	transfer	matrices			

Fact:		The	ZF	rela+ons	are	included	(!)	in	(1)	and	(2)	at	q=0.	

	(1)	and	(2)	are	r=s=0	and	r=s=1	special	cases	of		
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Proof	of	the	bilinear	rela+ons	of		

Originally	introduced	as	a	3D	analogue	of	YBE		[Zamolodchikov	1980].	

Equality	of	linear	operators	on		



The	bilinear	rela+ons	are	proved	by	evalua+ng	this	iden+ty	between	
various	leu/right	eigenvectors	of	M(・)	running	along	the	green	arrow.	

Repeated	applica+on	of	
the	tetrahedron	eq.			 leads	to	

QED	



Quite	a	parallel	story	in	the	cross	channel	holds	also	for	a	class	of	
n-species	Totally	Asymmetric	Zero	Range	Process	(n-TAZRP)	,	where	
smaller	species	par+cles	have	the	priority	to	hop	to	the	leu	neighbor	site.	
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A	natural	q-version	of	these	models	in	the	direct	channel	are	formulated	in	terms	
of		Stochas,c	R	matrices	for	Uq(A(1)

n).			[K-Mangazeev-Maruyama-Okado	2016].		
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