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Key to quantum integrability

Yang-Baxter equation (YBE)

R(X)12R(Xy)13R(y)23 = R(y)23R(xy)13R(x)12

| a \

1 \ / 3
) 3 1 7

R: 2-body scattering

Reflection equation (RE)

K(y);R(xy)1,K(x),R(x/y),,
= R(x/y)1,K(x),R(xy),,K(y),
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K: reflection at boundary



Today’s topic:

Part | Part I
Quantized coordinate ring A, Quantum affine algebra U,
matrix product structure g-Onsager coideal B,
3D integrability

This talk is mainly based on
[K-Pasquier]
Matrix product solutions to the RE from 3D integrability, arXiv:1802.09164,
[K-Okado-Yoneyama]
Matrix product solution to the RE associated with a coideal subalgebra of
U (AD ), arXiv:1812.03767.
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Quantized coordinate ring A (g) (g = finite dim. simple Lie algebra)

@ Quantum group corresponding to the dual to U,(g).
Studied by Drinfeld (87), Vaksman-Soibelman (89,91),
Reshetikhin-Takhtajan-Faddeev (90), Noumi-Yamada-Mimachi (92),
Kashiwara (93), Geiss-Leclerc-Schroer (11), Saito (14), Tanisaki (14) etc.

e Simplest example

Aq(shk): generated by t11, t12, to1, t22 with the relations
ti1t21 = qta1t11, ti2l22 = qip2t12, ti1ti2 = qtizty1, f1l22 = qixi21,
[tio, t21] =0, [ti1,t20] = (@ — @ tartiz, tiiteo — Gtiotoy = 1.
Hopf algebra with coproduct Atj; =), tik ® ty;.

o Fundamental representation w1 : Ag(sk) — End(Fy)

Fq = ®m>0C|m) : g boson Fock space

ti1 t12 a- —k h+1
: — k = 2
ik (le fzz) ( k ﬂ+) ’ 1

h|m) = m|m), a*[m) = |m +1), a~|m) = (1 — ¢)|m — 1).



Theorem (Classification of irreducible representations. Soibelman 1991)

@ /rreducible reps. &Ly elements of the Weyl group W(g)
(up to a "torus degree of freedom”).

Set m; := the irreducible rep. for the simple reflection s; € W(g)
(i : a vertex of the Dynkin diagram of g ).

@ [he irreducible rep. corresponding to the reduced expression
si, - --si, € W(g) is realized as the tensor product m;, @ - -- ® T; .

G

Crucial Corollary

If s, ---s, =sj, ---s;, are 2 different reduced expressions, then

Ty @ @M, =M @ B,

— Exists the unique map ® called intertwiner such that
(Wﬁ ®“'®TF;,)D¢=¢{}{7U1 ®”'®er)



Intertwiner for A (sp,): 3D K

Generators T (RTF presentation "90)

[ RTT =TTR R = Constant R matrix for vector rep. of U,(sp4)

Relations - 0 0 0 —qg?

-1
| rerte-' —crtc-'t=1 =] 9 0 ¢ 0
0 —¢ 0 0

—q2 0 0 0

m Mo
Fundamental representations OO
Fq qu
m(T) m2(T')
a -k 0 0 1 0 0 O
0 0 a k 0 K AT 0 (A7, K) = (@, k)|gq2
0 0 -k a 0 0 0 1



W(sps) = (s1,82), s7=s5=1, 81828182 = 52518251 (longest element)
. Hntertwiner ®:F,®@Fp @ F,®Fp > Fp®F,® F2 ®F,

satisfying d o (71'1 KT &K ?Tg)ﬁ(g) = (71'2 RmT QT2 &K ?T])ﬂ(g) o (I),
®(10)®[0)®[0)®]0)) =[0)®[0) ® [0) ®[0) (g € Ag(spa))-

We use 3D K defined by

j{:q)DJEEHd(Fqi ®Fq®Fq2®Fq)ﬁ

o(u1 @ ua @ us @ Us) = us @ ug Q Uz ® U1

The intertwining relation for the 3D K is
Ko (ma®m ®m @ m)AP(g) = (M2 ® m1 ® M2 ® m1)A(g) o K.

(AP := oAo)



[1®a ®1Ra —qlek®A” Rk, K] =0,

(1®a 1%k + 1@kRA™ ®a’ )X

= K(A”®a" A" ®k + A" ®k®1®a — ¢*K®a K®Kk),
(1ekeK®a )K = K(A ®a e K®k + KRa' R A~ @k + K@k®1®a ),
[10kK®k, K] =0,

(A~ ®a"A @k + A~ @k®1l®Ra —¢’K®a Kgk)X

=K(lga 1@k + 1kRA ®a),

[A-®at @A ®at — A~ Rk®18k — ¢’K®a K®a', K] = 0,

(A~ ®a ®K®a + K®a ®A ®a — ¢K@k®1k)X

=K(AT®a @KRa + KRa ® A" ®a — (K@k®1®k),

(A~ Ra Kk + K®a ATk + K@k®l®a )X = X(1ekKga"),
(A ®a Kek+ K®a A ®k + K@k®l®a )X = X(1gkgK®a ),
(A ®a K®a + K®a @A~ @a — ¢K@k®1®k)X

= KA ®a K®a +K®a A ®a — ¢Kek®1xk),
[A"®a R AT®a — ¢ATRk®18k — ¢*K®a @K®a , K] =0,

(A" ®a RATRk + ATkR1la’ — ’K®a" @ K®k)XK

=K(lga 1@k + 1k®A ®a ),

(1ek@KRa )K = K(A-@a @ K@k + K®a ®A Tk + K®Rk®1®a"),
(lpa'®1ck + 1k®AT®a )K

= K(ATRa R AT®k + AT @k®1Ra — ¢’K®a' @ K&k),
lea"®l®a” — ¢1@k®A™®k, K] =0.



Properties of 3D K [K-Okado "12]

Weight conservation (used later)
(zy~1)Pr2P2 (zy) Py K] = 0. h: =h®1®1®1 etc.

Explicit formula (not used later)

K@@k @)=Y Kiolle)®[b)® ) ®|d).

a,b,e,d>0

4 .
gearbed _ (¢%): Z (—1)* g% giii+h—a—B—y,0l+k—a—p—y { kie—p,jtk—a-pk+tl-a-p }

bk E - (qd)ﬂ a,B,y (qq)ﬂ—ﬁ abte-a—p-y,0,ctd—a—p-y arﬁ! 7 b — Q, d - (I._.k — Q- ﬁsc - ﬁ =9 ’

b,0,d u+x(q atX o Jyl
Kijok = Z(l (g%)a E{A,J—A,b—A,j—bH}’

b1 —a(a+2c—2ﬁ—1) 28—c)b+c+d) +~v(y—1)—k(F+Ek+1),
Go=(G+a+1)b+1—-2\)+b—1,

k 1 : Hh 1(‘1 }t . .
1 El,---,if —‘.rh v.zk’ k EZ}D,
(Q)k=H(1—q), { }—{ (q )_:- J =

J1ye--3Js 0 otherwise

1.1.1.1 NS I
Kopro =01+ 1= —¢°). Kyona=a(l+)(1-¢)1—¢"—¢"+¢" +¢) etc.



Reformulation as quantized reflection equation
The intertwining relation of the 3D K for generator t; (i,j = 1,...,4)

(71'2 XRmTL X M2 X Wl)A(t{}') oKXK=Xo (7?2 XML XM X ‘.?T])Aop(t;j)

Quantized reflection equation := RE up to conjugation:

<
(L12G2L21G1)K = K(G1L12G2La1).

Here G and L are “3D” operators that act on ;.= Cyy ® Cv, and also on the
auxiliary Fock spaces of g-boson. If they are indexed by 3,4,5,6, it means

L123 G4 L215 G16x3456 = 3C3456 Glfi L125 G24 L2713
EEHd(V@V@F 2®F '®F 2 @F )

3 \

9 o K3as6 = Ka3as6 © 0




3D L and G operators

V:CU[}G}':CU]L
1 0 0 0
0 K A 0 at -k
L=, A+ _K o €EEnd(VRV®Fy), G_(k a_)EEnd(V@Fq),
0 0 0 1
L(va @ vs ® [m)) = ) v, ®vs ® L7 5|m), Gva ® |m)) = ) vs ® Ga|m).
¥,0 8
5 0 1 1 0 0 1
oter oo it ocber b 0t 1t
B 0 1 1 0 1 0
LY, 1 1 K -K At A-

3D L oeprator = g-boson valued 6V model

% I R B B

G5 ar k —k a



Reduction of quantized RE to the ordinary RE with spectral parameter
Introduce the n-fold tensor product with the following label:
1 1 1n 2 21 2y, 5
V=V® -V ~Vi=VQg.---QV ~(C*%"
Start from the n-copies of quantized RE for each layer i=1,...,n:
(L1,2,3G2,4L2,1,5G1,6)K3a56 = K3as6(G1,6L1,2,5G2,4L2,1,3).
Their composition along the common auxiliary spaces 3,4,5,6 gives

(L1,2,3G2,4L2,1,5G1,6) -+ - (L1,2,3G2,4L2,1,5G1,6)K3456
= Kaas6(G1,6L1,2,5G2,4L2,1,3) - - (G1,6L1,2,5G2,4L2,1,3)-

Factors can be separated into L-only and G-only segments without
changing the order of operators sharing common indices as

(L1,2,3+++L1,2,3)(G2,4++ - G2, 4)(La,1,5 - La,1,5)(G1,6 - G1,6)K3a56
= K3456(G1,6 - - G1,6)(L1,2,5 - L1,2,5)(G2,4 - - - G2,4)(L2,1,3 - - - L2,,1,,3).



(L1,2,3 -+ L1,2,3)(G2,4+++ G2, 4)(La,1,5 - La2,1,5)(G1,6 -+ G1,,6)K3as6
= UC3455(G116 --G1,6)(L1,2,5 - L1,2.5)(G2,4---Ga,4)(L2,1,3--- L2,1,3)-

The weight conservation of 3D K implies
Kiase(@y~1)P2abhs (zy)hsybhe = (gy=1)haghs (zy)hsyhe k(S L.

Multiply this to the above relation from the left and take the Trace
over the auxiliary spaces 3,4,5,6.

Trs((zy )™ L1,2,3 -+ L1,2,3) Tra (2™ G2,4 - - - G2, 4) X
X Trs((zy)™ La,1,5 - La,1,5) Tre (¥ G1,6 -+ - G1,.6)
= Tre(y™ G1,6 - G1,6) Trs ((zy) "> L1,2,5 - - - L1,,2,.5) X
X Tra (2™ Goa -+ Go,a) Trs((zy ™')™ Loy1,3 -+ La,1,3)-

This is the RE with spectral parameters x, y. It holds in

=

1 2 1 1, n 2 21
End(V®V) (V=V® -V, V=V®---V)

bd
=



Trs((zy ') L1,2,3 - L1,2,3) Tra(z™Gaya - - - G2,4) X
x Trs ((zy)™* La, 1,5 - La,,1,5) Tre (¥ G 1,6 -+ - G1,6)
= Tre(y™G1,6 - G1,6) Trs ((xy)™ L1,2,5 -+ L1,2,5) X
x Trg(zPGoa++ Ga,a) Trs((zy ™')™ La,1,5+ La,1,3).

Reflection equation
R(-T’.U_l)l,z K(z)2 R(zy)21 K(y)1 = K(y)1 R(zy)1,2 K(z)2 R(-‘By_l)z,l-

for the R and K-matrices defined by the matrix product forms:

R(2)1,2 = Tra(2™ L1,2,0 - L1,2.a) € End(\lf ® \27),
K(2)1 = Try(2™ Gy Gy,p) € End(V),
K(2)2 = Tra(2% Gayp - Ga,p) € End(V),

a,b : dummy labels for the auxiliary g-boson Fock spaces %qz, Il}'g.

% (Dummy) space indices 1, 2 here should not be confused with
the “level” indices |,m etcin R, (z), K.,(z) which will be introduced later.



R-matrix K-matrix
K(2)vy = Z K(2)Pvg
e

K(2)f = Te(GE: - GBx)

%




Example: n=3

Write a base vy, as |010> etc. Then a suitably normalized K(z) acts as

1000) — |111),  |111) — |000),
—1 2)z]011 —1 2)2]101
q(—1+ gz) —1+4 gz
(=1 + ¢?)z|011) (—1+ ¢?)[110)
010 — 101) — :
010 - -1+ gz +[101) q(—1+ g2)
(=1 +¢%)z|001) (=1 + ¢?)z|010)
011) —» — — 100
011) q(—1+ gz) -1+ gz +1100),
— 2 _ 2
1100) v [011) (—1+¢?)[101) (~1+g )|110)1
q(—1+ qz2) —1+4¢qz2
(=1 + ¢*)z|001) (=1 + ¢*)|100)
101 — 010) —
[101) = -1 +4gqz +1010) qg(—1+gqz) ’
— 2 _ 2
1110) - [001) — (-1+4¢°)[010) (~1+¢ )|100)‘
q(—1+ qz2) —1+4¢qz2

% K(z) is trigonometric and dense (all elements are non-vanishing).

* Swaps #0 and #1, hence splits into irreducible components according to #1.

* The component [#1=1]->[#1=n-1] reproduces [Gandenberger, hep-th/9911178]
obtained in the context of affine Toda field theory with boundaries.
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U (A1) ;) and fundamental representations

Generators : e;, fi,k;-* (i € Z,), Cartan matrix : (ai;)ijez,, @ij = 26i; — 0i j+1 — 0i -1

Relations : k;k; ' =k 'k; =1, [ki,kj] =0, kiejk;t =p**ie;, kif;k;! =p2%if;,
ki — k!

p2 _p—Q’

Coproduct : &kfl = k,fﬂ ® k;tl, Ae,=e; 1+ k;Qe;, Afi=1Q f; + f; ®fc;1

[Ei:nfj] = 5a'j

+ Serre type relations,

V = v®n has the decomposition

V=Vo®dViD:---® V,, Vi = @ Cva,

ac{0,1}", a1+ +a,=k

Each component V, becomes an irreducible U, module by

5. J
ejVa = 27 °Va—d;+d;31»  d; =(0,...,0,1,0,...,0) (j € Zy,)
Jiva =

kj Va

.0
< ' Vﬂ:—}—dj—dj+1a

Write itas (p,, V,,) (z: spectral parameter)
p2(“j+1_“j)vm +++ fundamental representation.



Characterization of the matrix product constructed R(z) by U,

Proposition (Bazhanov-Sergeev ‘06, up to convention)
R(z)= @ Rim(2), BRim(@/y):Vie®@Vmy = Viz® Vi,

0<I,m<n
Ry (z) is the quantum R matrix for the fundamental representation of

Up(Am ) with p = +igq.

n—1

% [BS] derives the 3D L operator by a ‘quantum geometry’ argument.
* It is equivalent to the approach based on A (sl;) like A (sp,) discussed here.
* The intertwining relation for A (sl;) is presented as
Quantized YBE (= YBE up to conjugation).
* |ts intertwiner, called 3D R, satisfies the Tetrahedron equation.

For later use, introduce the checked R-matrix

R(z/y) = R(z/y)P : D (Vig ® Viny = Viny ®Viz)  (Pu®v) =v@u)

0<Il,m<n

W

W
Amy), ) B(@/Y) = R(/Y)AG,2),(my),  Da),(my) = (PLz ® pmy) 0 A



q-Onsager coideal B,

Set g = *ipinthe rest. Let B, be the subalgebra of U, generated by

q |
bj =e; — ’k;fj + ij (j € Zyp)

Abj =k;j®bj+ (ej —¢’f;j)®1 = AB;CUp,® By
B, is a coideal subalgebra

x e; + s;k;f; +1t;k; for any coefficients s;,%; generates a coideal subalgebra.

* The above B, is the special case that becomes isomorphic to the
type A g-Onsager algebra in [Baseilhac-Belliard "09].

Proposition
The matrix product constructed K(z) is characterized as the intertwiner of B,

K(z)= € Ki(z), Ki(2):Viz— Vo_g..

0<k<n

Pr—k,2-1(0)Kk(2) = Ki(2)pr,.(b) (Vb€ By)




This is due to the quadratic relation of the matrix product operators for K:

. 2 —_
Gﬁ1+1G132—1_|_ 2(32—31+1)Gﬂ1—1Gﬁ2+1i 1p (B2 ﬁl)G,Bl Gﬁz
o5} (05 p (03] a 1_,p2 Q] T Qg
c2(aa—aq)
2(B2—pB1—1 1p
= Gar1Gabin + PG Gl G Gas-



Vie ® Vi, isirreducible as a B, module for generic x,y.
Therefore the following two maps Vizg®@Vimy > Vi 12-1 0V oy

commuting with AB, must coincide (with proper normalizations).

\

R(zy) 1® K(x)
V., ® V,y—l — Vy—l KV, —> Vy_l ® V-1
A v
1® K(y) l R(z/y)
V. ® Vy V$—1 & V,y—1
V
R(z/y) Vv Tl ® K(y)

v 1® K(z) R(zy)
V, 8V, —=> Vy®Vi1 ——» v __.gV,

(I,m indices suppressed)
This implies the RE:
R(e/y)(1 ® K(2))R(zy)(1 ® K(y)) = (1 ® K () R(ey) (1 ® K () R(z/y)

==+ Implements the approach to K(z) by coideal subalgebras by [Delius-MacKay, ‘'01] etc.



Summary so far:
* Intertwining relation of A (sp,) is identified/reformulated as a Quantized RE.
% (Quantized RE)" leads to a family of matrix product solutions to ordinary RE.
* They are associated with fundamental representations of Up(A(l)n_l)_
* The K-matrix is characterized as the intertwiner of the g-Onsager coideal.

Generalizations (brief ending remarks)

1. U,(8) with some non-exceptional §
2. Case of symmetric tensor representation of Up(A‘l)n_l)
3. A,(G,)




1. U (8) with some non-exceptional §

There are boundary vectors |X,>, |n,> (rk=1,2) in the Fock spaces such that

K** (2) := (ni|22GG - - - Gy )

Bn

R™ (2) := (xr|?®LL--- L|x)

<ngl

conjecturally satisfy the RE for the following cases:

-

g R matrix K matrix
2

Dy | RM(2) | KM(2), KM2(2), K2 (2), K**(2)
(1) R21(z) K?21(z), K*2(2)

Dg) R22(z) K22(2)

These R-matrices on 2" X 2" dim. space are associated with
the spin representations of U,(8).



2. Case of symmetric tensor representation of U (AY) ,)

Degree s symmetric tensor rep.

W, = @ Cwq, W;}z := antipode dual representation of W .,

a:{al,...,&ﬂjeﬁi

Q]+t =38

K(z): We. > W, 1, K(2ws =) K(2)5wp,
B

K(z)? = (scalar) 'D‘(z_h(}’g_ll r -G’gi), Gf € End(Fy)
* K(z) characterized by essentially the same coideal B, satisfies RE.
* Matrix product operators are (terminating) g-hypergeometric series of g-boson.

—i —i

= @) o (T_ 0 seak) (<),
atfm) = m+1), a|m)=(1—q")m—1), kim)=g"jm).

* The crystal limit g=0 reproduces the set-theoretical solution to the RE related to
the box-ball system with reflecting end [K-O-Yamada, "05].

Open problem: Formulation by A, and 3D picture.



3. A(G,)
G, reflection equation (essentially due to [Cherednik "84], appears also in ‘root algebra’)
Ri2(z) X132(2y) Ras(2%y”) Xa13(2y”) Ra1 (zy°) X321 ()
= Xo31(y) Ri3(2y°) X123(zy*) Raa(2y”) Xz12(zy) R ().

Ay

Ay

0 o G
* Special 3-body scattering matching the geometry of Desargues-Pappus theorem.
* Intertwining relation of A (G,) = quantized G, RE (:= G, RE up to conjugation).

* Matrix product solutions have been constructed [K, arXiv:1804.04305]:

X(2)=Tr(z"JJ---J) or X(2)=(z"TT-- J|€).
(This one is yet conjectural)

Open problem: Find a coideal-like object that characterizes X(z) as an intertwiner.



Schematic comparison of A (sp,) and A(sl;)

Ay(sps) : 51528152 = S2515251
P o (T @Me@T Q) = (M@ @M ®my) 0 @
S3DK: X=®o0
quantized RE : X(GLGL) = (LGLG)X
matrix product : K(2) = Tr(z2PGG - --G)
A, (slg) : 515253825152838283 = reverse
3D reflection equation (proposed by Isaev-Kulish ‘97)

R156R489K 3579 Ra69Ra58K1678K 1234 = K1234K1678Ra58R269K 3579 Ra89R 456

Ag(sl3) : s15281 = 25182
Vo (m®mRm) = (ma®@m®my) o W
S3DR: R=Voo
quantized YBE : R(LLL) = (LLL)R

matrix product : R(z) = Tr(zPLL--- L)

Aq(sly) : 815253515281 = S35283518283

Tetrahedron equation (proposed by Zamolodchikov ‘80)

R124R135R236R456 = Ras6Ra36R135R124




