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4. Conjecture on RRRR=RRRR. 



Appeared in several guises and studied from various viewpoints by
Maillet, Nijhoff, Korepanov, Bazhanov, Kashaev, Mangazeev, Sergeev, 
Okado, Yoneyama, K,…

1. Quantized (6V & YBE)

YBE: 

Quantized YBE: 

…  YBE up to conjugation.  Also called RLLL relation.

A version of the tetrahedron equation originally going back to A.B. Zamolodchikov (ʻ80)













Quantized YBE = RLLL relation = a version of tetrahedron equation



A,B,C = Z,X,O



RLLL relation for RZZZ



(2) Relation to 
quantized coordinate ring Aq(sln)

(3) Conjecture on tetrahedron equation
of type  RRRR = RRRR 

Main Result
(1) Obtained RABC explicitly for 

New except for OOO.



2. Solutions

… We call it  3d R

There always exists a unique solution up to normalization 
in each sector specified by an appropriate parity condition.

RLLL relation is translated into linear recursion relations for  

We say that R is locally finite if           = 0
for all but finitely many (a,b,c) for any given  (i,j,k).



RZZZ

Factorized 
(thanks to smart choice ?)
Not locally finite



q-hypergeometric, instead of factorization.  
Not locally finite.

ROZZ



ROOZ

Factorized.  Locally finite.



ROOO

Locally finite.
For this 3D R, representation theoretical origin is known.



3. Relation to quantized coordinate ring

Aq(sl3)

ui, gi, hi are parameters



(i=1,2)





4. Conjecture on RRRR=RRRR

if irreducible.



In our case, a similar procedure starting from suggests

where, A, B, C, D, E, F are Z or O or X. 

For A=…=F=O, the irreducibility is known from the representation theory of Aq. Therefore

holds.   (Kapranov-Voevodsky ʻ94)

Other cases are yet elusive, entailing also the convergence issue for 
the composition of the locally non-finite 3D Rʼs.  



We have listed up the cases (without X) in which the above sums
with prescribed   a,b,c,d,e,f, I,j,k,l,m,n become finite sums due to locally-finiteness. 

They are given in the next page. 





Outlook

Reduction:   RLLL=LLLR, RRRR = RRRR  à infinitely many solutions to YBE.

Smart choice:  Factorized Boltzmann weights. 
qN =1. Beyond generalized Chiral Potts models ?

ROOO = transition coefficient of PBW base of U+
q.  RZZZ = ?

BCG2 type:  Application to 
quantized reflection equation   K(LGLG)=(GLGL)K.
quantized G2  reflection equation F(LJLJLJ)=(JLJLJL)F


