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1. Quantized (6V & YBE)

YBE: Laliz L2z = Laslyelys

Quantized YBE: R4§6 LizaLiztlaze= Lazclize Lizg Rase

--- YBE up to conjugation. Also called RLLL relation.

A version of the tetrahedron equation originally going back to A.B. Zamolodchikov (‘80)

Appeared in several guises and studied from various viewpoints by
Maillet, Nijhoff, Korepanov, Bazhanov, Kashaev, Mangazeev, Sergeev,
Okado, Yoneyama, K,:--
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Quantized YBE = RLLL relation = a version of tetrahedron equation

R456L236L135L124 — L124L135L236R456 .
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We lhove (X [Z (7 So we have
RUFLLE - BEER — R=R™
R Lza LD LO < |© L(_)L% R 5 R _ ROO% e

1V\3QY\€_Ya[

P LC(PY =M BLCR — R= RARS

A,B,C = 2, X,0



RLLL relation for R%#Z Y. =% Hrusg—tw, X?%)

R1®X®X)=(1®X®X)R,

R(roth X ®1QYs+t3Z@Y>, @ X) =r1t2(1 ® X @ Y3)R,

R(—qtits w1 X @Yo @ X + Y1910 Y;) =rmirs(19 Y2 ® 1)R,

rtaR1®X®Z)= (ntXe10Z+t:Y10Z1® X)R,

R(qratitswsX @1 X —Z @Y, ® Z) = (qratitsws X @10 X - Y1 Z®Y3)R,
Rt1unX @ Yo ® Z + ratawzY1 @ 1 ® X) = ratow (Y1 ® X @ 1) R,
RX®X®1l)=(X®X®1)R,

sstoR(Y1®@ X ®1) = (11X QY2 ® Z + s52t3Y1 ®1® X)R,

5153R(1®Y>2® 1) = (—gt1itaws X @Yo @ X + 521 ® 1 ® Y3) R,

rirsR1Q®Z®1) = (—qtitsun X ®Z QX +1rZ2R1® Z)R,

ratows R(ZQ@ X ®1) = (tlle RZQYs +rotswsZ®1 ®X)R,
RX®X®1)=(X®X®1)R,

Rt1:X®ZQY3+ 52432 @10 X) =s3t2(ZQ X ®1)R,

(—gsatitsun X 1@ X +Y1 @ ZQY3) = (—gsotitaun X @10 X+ ZQY> ® Z)R,
(s1t0w2l1 @ X ®@ Y3 = (s2t1un X ®1® Y5 + t3wsZ ® Yo @ X)R,

(—qt1t3ws X @ Z @ X + 522 Q@10 7Z) =5153(1Q0 Z ®1)R,
(
(

o o)

=

R(tawsY1 @ ZQ@ X + sot1jun X ®1® Z) = s1tow2 (19 X ® Z)R,
R1®X®X)=(1®X®X)R.



Main Result

(1) Obtained RABC explicitly for

ABC | §(Z) | feature | ﬁ‘t"?}llgbs
1717 3 factorized Nno
OZZ oM no
12.7.0 2 oM no
707 3¢o-like no
007Z factorized yes
200 1 | factorized yes
0Z0O factorized Nno
000 0 o1 yes
XXZ factorized no
ZXX 2 | factorized no
X7ZX factorized no

New except for O0O.

(2) Relation to
quantized coordinate ring Aq(sl,)

(3) Conjecture on tetrahedron equation
of type RRRR = RRRR



2. Solutions

R(I) @) @ k) =) R&'¢lay® |b) ®]|c) - Wecallit 3d R

a,b,c

RLLL relation is translated into linear recursion relations for

There always exists a unique solution up to normalization

in each sector specified by an appropriate parity condition.

We say that R is locally finite if R?be = (
for all but finitely many (a,b,c) for any given (i,j,k).

(25@)m = (% oo (7)o = [ J(1 = 2¢") 261 (Q’f?qu)
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1,7,k
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(b dl 173 ¢d3—}—d4 173W3
T2 S18S3W1

1

((d1 da)(dy 4 do + d3 + dy) + d3d4) — di;

a+c—3 d:\ {(—e—-btetistj—k
b—i—k)’ di)] \Na—-b—c—i+j+k

(m € Z),

<§

(zqm; 3 )

a.b,c, .} k€2

Factorized
(thanks to smart choice ?)
Not locally finite
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g-hypergeometric, instead of factorization.
Not locally finite.



ROOZ

pele ¢ EwdCFwFTM =)
{i

S o (v2,53,5 s )

3 U\M{cl[/tﬂ Solution AL t%of 0( EZ

Mo

ik — 93 H2l3 s, Aot q 2a—2e.

(@%;0%)¢(q 4o
1 1 .
e:§(a—c+]’+k+d), fzi(b+c+z'—k—d). Qb Gj€dyy, ChEZ

Factorized. Locally finite.



i b k
ab,c _ ca+bebt+c [ H3 M1 M2 ik+b(k—i+1)
Ri.,j.k =T 5j+k <— P = 1 8

H2

N (Y g g e g s
X 2: : 2)b2¢1 q_Qa_Qb .q ,q

G/b/c, L,J, k € 220

Locally finite.
For this 3D R, representation theoretical origin is known.



3. Relation to quantized coordinate ring

A,(sl3)  generated by ¢;; (1 <1i,j < 3) with the relations

] = 1 ° fed bty

et =Gt 0<3); tet—0ntnll<0/;
Z (_q>l(a)t101t202t303 =1,

ceES3

algebra homomorphisms to the ¢g-Weyl algebra

p1 - Aq(slg) — W, p2 : Ag(sls) = W,
t11 ti2 t13 Z 1 (up —g1h1X?) g1 X O Uz_l 0 0
tor tog taz | — —qh1 X Z 0 0  Z '(uz — g2hoX?) ¢2X
ta1 l32 t33 0 0 wuj! 0 —qho X Z

u;, g, h, are parameters
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4. Conjecture on RRRR=RRRR

Ri24R135 R236 Ras6 LapeLaysLgyaLlassLgsaLiyst

= Ri24R135R236 LigyaLloysLapgsLias3Lgsa Liys1 Rase

= Ri24R135Lgy4Loys5Lgs2Las3sLagelys51R236 Rase

= Ri24R135LgyaLgsoLays LassLiys1 LapeR236 Rase

= Ri24LgyaLgsaLys1LassLaysLagelR135 R236Ras56

= Lys1LgsoLgyaLlas3LaysLageR124R135R236 Rase,
= Lys1LgsaLas3LgyaLlaysLageR124 R135 R236 Rase,

Rys6Ro36R135 R124 LoageLoysLgyaLlaszLgsaLiyst
= Rus6R236 R135 R124 LogeLoysLaszLgyalgsaLiyst

= Rys6R236 R135 LapeLaysLaszLys1Lgsa LgyaR124

= Rys6R236LapeLiys1 LaszLaysLpsoLgyaR135R124
- R456R236L'y(51 LaﬁGLa63L,852La75L,B'y4R135R124

= Ryse¢Ls1Lgs2Las3LageLlaysLgyaRo36R135R124

= Lys1LgsaLas3LgyaLloysLageRase Rose 135 R124.

(R124R135R236 Rase) ~ ! Ras6 Ra3e R135 R124 commutes with
LaBGLa’y5Lﬁ74La53Lﬂ52L751 .

— Rys6Ra36R135R124 = R124R135 R236Rys6 if irreducible.
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In our case, a similar procedure starting from L% ;L% erLlLaéngQLﬁM suggests

a5

DEF pBCF pACE pABD ABD pACE pBCF pDEF
R406 }?236 R135 R124 R124 }?1‘35 R236 R456

where, A, B, C, D, E, F are Z or O or X.

For A=---=F=0, the irreducibility is known from the representation theory of A, Therefore

ROPOROCORIZOROQC = ROQOROZORICORIZY  holds. (Kapranov-Voevodsky ‘94)

Other cases are yet elusive, entailing also the convergence issue for
the composition of the locally non-finite 3D R’s.

E Rdebecz Rawy U0, T __ 2 : RabdRuce vwfRTyz

x,Y,2 ,w,n-"u,k,m=",73,l u,v, 08k T hLan
B0 2 TR R R



ABC | §(Z) | feature | oI
177 2} factorized no
OZ7 2 q51 1no
27,0 2 P, ¢1 no
707 309-like no
00Z factorized yes
700 1 factorized yes
0Z0O factorized no
000 0 001 yes
XXZ factorized no
ZXX ps factorized no
XZX factorized no

/////

E ' Rd,e,be,c,z Ra,w,y u,v,T

B.Y,2 BN ak.omT .1
UV,W,T,Y,2

- a.b.d pu,e.e pvw,f pT.y,2
- Z R Ri,w,y I R

U,V,T . m,n
UV, W, Z,Y 2

“immensely more complicated ” (R.J. Baxter '83)

We have listed up the cases (without X) in which the above sums
with prescribed a,b,c,d,e,f, |,j,k,I,m,n become finite sums due to locally-finiteness.

They are given in the next page.



000 ROZO RPOZO POOO 000 ROZO PO ZO RPOOO
R456 R236 R135 R124 124 R135 R236 R456 ’

BOOOROOORZOO RZOO — RZOO RZOOROOOROOO

456 1va36 1135 fty9y 124 1135 Iig36  figsg RO0O ROZO PZZO RZOO _ RZOO RZZO ROZO ROOO
RZO0 ROOO ROOO ROOZ _ RPOOZ ROOO ROOO RZOO 456 1vo3e Ivizs Lijog = Ivjoy Ivj3s ligge Ligse
456 ©7236 “U135 “H24 7 TH24 U135 772360 77456 0 0Z0 pOOO0 pPZOZ pZOO Z00 pZOZ pOOO pOZO
R R R R — R R R
ROOZ ROOZ ROOO POOO _ ROOO POOO ROOZ ROOZ 456 11236 1v135  Lty94 104 11135 Iig3g  Ligsg
456 77236 7135 124 T 7MI24 TTI35 TT236 0 77456 000 PZZ0 POZO POZO 0Z0 pOZO PZZ0 pOOO
R R R R — R R R
ROOZ ROOZ RpZOO RZOO _ RZOO RZOO ROOZ ROOZ 456 1l93g [Liyzs Liy9y 104 Li135 Lig3g Liggg
456 °'236 1135 “M24 T SH24 U135 ST236 77456 - 00Z pZ0OZ pOOO pOZO 0ZO pOOO pPZOZ pOOZ
R R R R = R R R
456 11236 It135 Lt19y 104 Li135  Li536" Lig5g"
IO O TO BT SOOT . . OOF DTS TO 5570
B YR ORIV R Y RO RS RO RIS, Rise Raze Riss Ri2i” = Rypy” Riss” Roge Rise
70 5070 BO%7 S000 . w000 095 505605070
RO PRICCRECERONY . RUOPRICARODOREO. Rise Rase Riss” Risy~ = Riss Ryss” Rase Rise
GO0 w00 5200 BT O 3300 T e 0O0Z nOZZ nOZO pnOOO __ O00 POZO NnOZZ nOOZ
Rise Rass Riss Risy = Risy Riss Risg Risg Ris6” Ryse” Riss Ripy = Rigs  Rys5  Rosg” Rysg”
TGO OO RO ROT . T 00 SO0 OZ0 070 57705700 w700 8797 o760 5070
R456 R236 R135 R124 - 2124 R135 R236 R456 ’ R456 R236 R135 R124 5 124 R135 R236 R456 )
ZOO S00 5000 S0TF . . OB 5000 SO0 S 200 007 257 DT HO%G HOROSOT0 30 00%
R456 R236 R135 R124 - R124 R135 R236 R456 ’ R456 R236 R135 R124 — R124 R135 R236 R456 ?
T SO00 SO0 SO0 OO o007 £000 1570
R456 R236 R135 R124 s R124 R135 R236 R456 9
T 007 £S000B007 . 007 5000 500% H707
R456 R236 R135 R124 SF 124 R135 R236 R456 ’
OF 7 pO0OZ pOOZ pOOO OO0 pOOZ pOOZ pOZZ .
Rys6“ Ro3g” Ri35“ Risy~ = Riy; Rizs“ Rozg” Rysg”, Conjecture.
ZOO pZOO pZOO pZZZ ZZ7Z pZOO pZOO pZOO 1
RZ00 RZOO RZOO RZ27Z _ p222 pZ00 pzoo pzoo — They are all valid (based on computer check).

RZ5ZZROOZROOZROOZ — ROOZROOZROOZRZZZ. .
o e T T e e Claim [Noumi (£/8), 28 September 2022]
They should be reducible to a duality of (his and Ito’s?)

multiple series generalization of the g-hypergeometric.



Outlook

Reduction: RLLL=LLLR, RRRR = RRRR = infinitely many solutions to YBE.

Smart choice: Factorized Boltzmann weights.
gV =1. Beyond generalized Chiral Potts models ?

ROO0 = transition coefficient of PBW base of U*,  R#%2 =7 el Aotk

Atsuo Kuniba

BCG, type: Application to Quantum Groups in
quantized reflection equation K(LGLG)=(GLGL)K. Three-Dimensional

quantized G, reflection equation F(LJLJL))=(ULJLIL)F Integrability




