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1. Quantized (6V & YBE)
YBE: LosLy3L19 = LiaL13Lo3
Quantized YBE:  RyseLoseLi13sL124 = Li24L135L936R 456

-~ YBE up to conjugation. Also called RLLL relation.

A version of the tetrahedron equation originally going back to A.B. Zamolodchikov (‘80).

Appeared in several guises and has been studied from various viewpoints by

Maillet, Nijhoff, Korepanov, Bazhanov, Kashaev, Mangazeev, Sergeev,
Okado, Yoneyama, K,:--.

dintriguing application to stationary states in multispecies TASEP and TAZRP in 1D.



“quantization”

L12

C? @ C2 TT— “auxiliary space”

L*
- W, (¢-Weyl algebra)-valued / — Two representations of W,
4 17

) O, (g-Oscillator algebra)-valued > LO

We will consider L% LO



Wy ¢-Weyl algebra (generators X1, Z+1)
XZ =q/X
wx : X|m)=q™|m), Zlm)=|m+ 1)

Representations {
7z X|m)=|m—1), Zlm)=q™|m)

These are irreducible representations on

eraﬂm)

meZ

)

Tx VS Tz --- ‘“coordinate” vs “momentum ” representations

of the g-canonical commutation relation.



O, g¢-Oscillator algebra (generators k, at,a")

kat =gatk, ata” =1-—k?

ka  =q¢ lak, aa®=1-¢’k?

O - k|m> =q"|m), a+|m> = |m + 1), a_|m> = (1- q2m)|m —1)

7o is an irreducible representation on There is an embedding O, — W,
k— X
F+ — 69 (C|m> at — 7
mEZZO

a~ — Z71(1 - X?)



b
LA (A =X, Z,0) are defined by quantized 6V weights 74 ( i ‘T_’ a )
J

0 1 0 1 0 1
0—1+0 141 141 o0 otr1 110
0 1 0 1 1 0
LX
1.2 } r S twX —qtX Z  Z7l(rs—t2wX?)
LO 1 1 uk —qu— 'k ar a-

r,s,t,w, 4 are parameters.

Relations of generators in W,, O, may be viewed as quantizations of the “free-fermion condition” of 6V.



Quantized YBE = RLLL relation = a version of tetrahedron equation

R456L2.'36L135L124 — L124L135L236R456 .

p
af __
R Y AE ol )= ) (b DLl R L5 = 71+ a
a,B,y o,B,y Y
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R depends on the choice of the three kinds of L’s as
RL’L?L? = L’L LR — R=R"%”
RL?L°L° = L°L°L?R — R = R°9?

In general RLCLBLA = LALPIL°R — R = RABC -+ We call it 3d R.



RLLL relation for g-Weyl algebra case

RI®X®X)=(1®X ® X)R,

R(roth X ®1QYs+t3Z@Y>, @ X) =r1t2(1 ® X @ Y3)R,

R(—qtits w1 X @Yo @ X + Y1910 Y;) =rmirs(19 Y2 ® 1)R,

rtaR1®X®Z)= (ntXe10Z+t:Y10Z1® X)R,

R(gratitswsX @10 X —Z QY2 ® Z) = (qrat1tsws X ®1 0 X - Y1 ® ZQY3)R,
Rt1unX @ Yo ® Z + ratawzY1 @ 1 ® X) = ratow (Y1 ® X @ 1) R,
RX®X®1)=(X®X®1)R,

S3t2R(Y1 QX ® 1) = (th Yo ®Z + s2t3Y1 1 ® X)R,

5153R(1®Y>2® 1) = (—gt1itaws X @Yo @ X + 521 ® 1 ® Y3) R,

rirsR1Q®Z®1) = (—qtitsun X ®Z QX +1rZ2R1® Z)R,

ratows R(ZQ@X ®1) = (i X @ Z QY3 + ratawsZ @1 Q@ X)R,
RX®X®1)=(X®X®1)R,

Rt1:X®ZQY3+ 52432 @10 X) =s3t2(ZQ X ®1)R,

(—gsatitsun X 1@ X +Y1 @ ZQY3) = (—gsotitaun X @10 X+ ZQY> ® Z)R,
(s1t2w2l @ X @ V3 = (s2t1wn1 X ® 1@ Y3 + tawsZ ® Yo ® X)R,

(—qt1t3ws X @ Z @ X + 522 Q@10 7Z) =5153(1Q0 Z ®1)R,
(
(

o o)

o =

R tg’ngi ®Z®X—|—52t1w1X®1®Z) — Sltzu}:)(l@X@Z)R,
R1®X®X)=(1®X®X)R.



Main Result

(1) There always exists a unique R up to
normalization in each sector specified
by an appropriate parity condition.

The solution RABC is explicitly obtained for

ABC feature ﬁ}ﬁzsllll:ss
777 | factorized no
OZ7Z o1 no
220 o1 no
1207 30o-like no
00Z | factorized yes
Z00 | factorized yes
OZO0O | factorized no
000 X3! yes
XXZ | factorized no
ZXX | factorized no
X7ZX | factorized no

New except for OOO.

R(ly@li)® k) =) R

a,b,c

abc
zjh ®

b) @|c)

We say that R is locally finite if B’ = 0
for all but finitely many (a,b,c) for any given (i,j.k).

(2) Relation to quantized coordinate ring Aq(sl,)

(3) Conjecture on tetrahedron equation
of type RRRR = RRRR




2. Solutions

RZ2Z R??? ¢ End(F ® F® F)

AT

(r1,81,t1,w1) (72, S82,t2,wa) (r3,Ss3,t3,Ws3)

d d d3 d

el O ag dg dy
wii = () (mem)” (55) (i)
13w 1t3Ws3 113 3l1wy
Dy, (%) D4, (Zggi) Dy, (%)
o dy (_(17“_13) (I)d3+d4 (g;ﬁ?)
7 ((dl dy)(d1 + do + d3 + dy) + dsdy) — dy,
a+6— d3\ _[—e—-btec+i+j—k
b—i—k)’ \di) \a—b—c—it+j+k

m'_(7q Q) (TTLGZ),

X

a7b)c7i7j?k E Z

Factorized
Not locally finite



ROZZ
R9%Z ¢ End(Fy ® F ® F)

P

% (T27 32at27w2) (T37 337t37w3)

a 7 —b+y —ctk
com 9 S3 lowo ’ pts (25 4%)a (a=b+j—1)c—(i—b+j—1)k—aj+bi ;
Js ra $9 [LS2 3 (9% 4%)a

—27 -1 2
X 21 (Z—l ’fzafz g g _2"’_%) -
k. a’aiEZ207 b,C,j,kJEZ
MQSQ rsws 2k —2¢c+2
L = Y Yy = 9 y ~ = aq
rotwws =83

g-hypergeometric, instead of factorization.
Not locally finite.



RO0Z RO9Z c End(Fy ® F, ® F)
) / T

M1 M2 T37837t3)w3)

3 unique solution iff Z—; = q? for some d € Z.

e poss\” (taws\" ik (P12 0%, (q2a+2>Q)
Rz qk = Sg(ﬂgtg) e q 2a—2e.
t3ws 353 (0% %) ¢(a L0 s

1 , 1 :
€:§(G—C—|—j—|—k’—|—d), f:§(b—|—c—|—7,—k—d) a,baiajEZZO, c,k€Z

Factorized. Locally finite.



RO0O
ROOO - EIld(F+ ® F+ ® F_|_)
1&

H1 H2 M3
ps\' (o (2 )"
Re-be = gatbgbte (—3) <__1) (_2) g kb (k=it1)
1,k i+j T j+k 15 13 I

(o 5 g g 2 a5
5 (QQZQQ)CL(QQZQQ)bQ 1 Fair e e

a,b,c,i,5,k € Z>o

Locally finite.
For this 3d R, representation theoretical origin
(quantized coordinate ring, PBW bases,:*) is known.



3. Relation to quantized coordinate ring

A,(sl3): Hopf algebra dual to U,(sl3) generated by ¢;; (1 <%,5 < 3) obeying
i t1] = 0 =ikl
e T = gt (Legk=l),
st =mta: <), b= 0bmtn 0 <10);
Z (_Q)l(a)t101t202t303 =1,

cES3

There are two algebra homomorphisms to the g-Weyl algebra

p1: Ag(sls) = W, p2 : Ag(sls) = W,
t11 t12 113 Z_l(ul — glthQ) ng 0 u2_1 0 0
ta1 too to3z | —qh1 X A 0 0  Z 'ug — g2haX?) g2 X
t31 t32 t33 0 0 ul_l 0 —C]hQX VA

u;, g;, h; are parameters.

When (us, gi, hi) = (1, i, p; 1), they may be viewed as p; : A4(sl3) — O,.



(wi, gy hi)

uz ) g’L )
generlc

Facts about

Soilbelman (’91):

Kapranov-Voevodsky (’94):

Bazhanov-Serveev (’06):

(+ Mangazeev (’10))

- “’“V Oq

TO

— End(F,) -+ po,

o End(F) - pg.

RO0OO
P0o,1 ® po,2 X po,1 = po,2 X po,1 P Po,2

®(p0.1® po2®po.1)=(po2®po1® po2)®

ROOOLOLOLO — LOLOLOROOO

K-Okado ('12): RP99 =®oo0 (o(|i)® |j) ®|k)) = (i ¢ k))



Proposition (RZ2Z case)
(u1,91,h1) (u2,92, ha)

[/

‘i)(PZ,l R pz2®pz1)=(pz2Rpz1® PZ,z)‘i)

— RZZZLZLZLZ — LZLZLZRZZZ

S N

(rla Sl)tla wl) (T2) S2, t2a w2) (T37 $3, t3a ’l.U3)

with R%%4Z = ® o ¢ provided that

U = Us(=:u) gihi = gaho(=:p)

2 2 2
i T2 S9 S3 T2 S153 P t1w1 . t2w2 B t3w3

i1 ta’  to t3’  Tirs3 59 7151 7289 r3S3

p
=



4. Conjecture on RRRR=RRRR

Ri24R135 R236 Ras6 LapeLaysLgyaLlassLgsaLiyst

= Ri24R135R236 LigyaLloysLapgsLias3Lgsa Liys1 Rase

= Ri24R135Lgy4Loys5Lgs2Las3sLagelys51R236 Rase

= Ri24R135LgyaLgsoLays LassLiys1 LapeR236 Rase

= Ri24LgyaLgsaLys1LassLaysLagelR135 R236Ras56

= Lys1LgsoLgyaLlas3LaysLageR124R135R236 Rase,
= Lys1LgsaLas3LgyaLlaysLageR124 R135 R236 Rase,

Rys6Ro36R135 R124 LoageLoysLgyaLlaszLgsaLiyst
= Rus6R236 R135 R124 LogeLoysLaszLgyalgsaLiyst

= Rys6R236 R135 LapeLaysLaszLys1Lgsa LgyaR124

= Rys6R236LapeLiys1 LaszLaysLpsoLgyaR135R124
- R456R236L'y(51 LaﬁGLa63L,852La75L,B'y4R135R124

= Ryse¢Ls1Lgs2Las3LageLlaysLgyaRo36R135R124

= Lys1LgsaLas3LgyaLloysLageRase Rose 135 R124.

(R124R135R236 Rase) ~ ! Ras6 Ra3e R135 R124 commutes with
LaBGLa’y5Lﬁ74La53Lﬂ52L751 .

— Rys6Ra36R135R124 = R124R135 R236Rys6 if irreducible.
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E
In our case, a similar procedure starting from [ BGL 5L5»74La<53L502L 5 suggests

DEF pBCF pACE pABD ABD pACE pBCF pDEF
R406 R236 R1‘35 R124 R124 R133 R2‘36 R456

where, A, B, C, D, E, F are Zor O or X.

For A=---=F=0, the irreducibility is known from the representation theory of A, Therefore

ROQORSOOROGORIQO = ROQORVZOROSORIC  holds. (Kapranov-Voevodsky ‘94)

Other cases are yet elusive, also due to convergence issue for composition of the locally non-finite 3D R’s.

1) R k)R ®|m) ®|n) — |a) R |b) ® |c) ® |d) ® |e) ® |f) component of RRRR = RRRR :

§ : Rdebecz Rawy N5 S 2 : RabdRu,ce ”L)waTUZ
B ) 80 S

T,Y,2 u.k.m- t,7.0 u,v, w0,y " 1.k,z2 T imn
U,V W, %,Y,2 UV, W,T,Y,2

We have listed up the cases (without X) in which the above sums with prescribed a,b,c,d,e,f, ,j,k,I,m,n
become finite sums due to locally-finiteness. They are given in the next page.



000 ROZO RPOZO POOO 000 ROZO PO ZO RPOOO
R456 R236 R135 R124 124 R135 R236 R456 ’

BOOOROOORZOO RZOO — RZOO RZOOROOOROOO

456 1v93¢ Lv135 lijoy 124 1v135 1Lig3g  ligse RO00 ROZO RZZ0 RZOO _ RZOO RZZO ROZO ROOO
RZ00 ROOO ROOO ROOZ _ RPOOZ ROOO ROOO RZOO 456 1vo3¢ Lv135 Lv19q = Njgu Ii135 lggg Lfiy56
456 77236 7135 24 7 24 R3S TT2360 7456 o 0ZO OO0 pZOZ pZO0O Z00 pZ0Z pOOO pOZO
ROOZ pOOZ ROOO ROOO _ ROOO ROOO ROOZ ROOZ Rz~ Rasg Riss” Risy~ = Rio) " Ri35” Rosg Ry,
456 ©7236 135 “h124 7 TM24 S35 7236 77456 0 ROOO RZZO ROZO ROZO 0Z0 ROZO RZZO ROOO
ROOZ ROOZ RZ00 RZOO _ RZO0 RZ00 ROOZ ROOZ 456 193¢ 1Vi35 Lvy9q = Iijoy IVy35 L3 Liys6
456 11936 1It135 lij9q = Iij94 1It135 Iliggzg Liyggg -
ROOZ RZOZ ROOO ROZO _ ROZO ROOO RZOZ ROOZ
456 1936 Lv135 [Liyg9y = Liyg9y 1Ivy35  llg3g™ Liysg
TOO 00 5050 5O0T . . HOOZ nOFOHOZ0 %00
B YR ORIV R Y RO RS RO RIS, Rise Raze Riss Ri2i” = Rypy” Riss” Roge Rise
O pOZ0 5OZT 5000 _ 55000 502550760 5070
RO PRICCRECERONY . RUOPRICARODOREO. Rise Rase Riss” Risy~ = Riss Ryss” Rase Rise
GO0 w00 5200 BT O 3300 T e 0O0Z nOZZ nOZO pnOOO __ O00 POZO NnOZZ nOOZ
Ris¢  R3sg Riszs Risy = Risy Riss R3¢~ Risg Rys6“ Rass” B35~ Risy~ = Ripy Rys5” Rosg” Risg”,
ZOO POOO PZOO BZOZ __ BZOZ BZOO OO0 PZOO 070 OZ0 7787 +37060 = 57005227 070020
Riss Ra3g Riss Ri5y” = Ri5,” Riss Ra35 Risg s Riss Rozg Ri3s” Rigy = Rigy Ri33“ Rz Risg
ZOO pZOO pOOO POZZ _ pOZZ pOOO pZOO pZOO 00Z 7727 020 pOZO _ pOZO OZ0 pZZ7 15007
Ri56 R336 Ri3s Risy” = R1537 Ry35 Rjs3s Risg . Rise” Ry3¢” Riss Risy = Risy Ri35~ Ry3s” Ryisg” .
Z720 pOOO0 pOOZ pO0Z _ pOOZ pOOZ pOOO pZZO
Rise Rasg Ri3s” Risy” = Ri55” Ri33” R335 Rizg .
ZO0Z pOOZ pO0O0 pOOZ _ pOOZ pOOO pOOZ pZOZ
Ri56” Ros3¢” Ry3s Ri9,” = Ri55" Ry35 Ro36” Risg” .
OZZ pOOZ pOOZ pOOO __ pOOO POOZ pOOZ pOZZ .
Rys6“ Ro3g” Ri35“ Risy~ = Riy; Rizs“ Rozg” Rysg”, Conjecture.
ZOO pZOO pZO0 pZZZ _ pZZZ pZ00 pZ0O0 pZOO Th re all vali n com r check).
Ris¢  Ra36 Ri3s Risy” = Risy” Ris5 R336~ Risg €y alc-all va d (basedo computer chec )
FTT SO0 50T 5007 00T pooy 5OO% 5ia%
Ri567 Ry36” Ry3s” Ri5” = Ry Ri35” Ro34” Ri56” .

Claim [M. Noumi]
They should be reducible to a duality of his and Ito’s
multiple series generalization of the g-hypergeometric.



Outlook

quantization

YBE >~ QYBE
Reduction via 3D
generates infinite family of quantum R matrices.

¢ = 1: Beyond generalized Chiral Potts models ?

ROOO — transition coefficient of PBW basses of Uq‘" . R%%2Z =7

BCG type:

Quantized reflection equation K(LGLG) = (GLGL)K
Quantized G reflection equation F(LJLJLJ)= (JLJLJL)F

Atsuo Kuniba

Quantum Groups in
Three-Dimensional
Integrability




