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Ra®1l®a —gk®a ®K)=(1®a ® )R,

Ra*®a 9k+k®l®a )=(19k®a )R,
R(1®k®k)=(19k®K)R,

Rkea ®a"+a ®1®Kk)=(a 9k® 1)R,

R@*®a ®a"-¢gk®1®k)=(a  ®a"®a —gk® 1®K)R,
R(lek®a)=(a  ®a " 9k+k®1®a")R,
Rkok®l)=(koke )R,
Ra"ok®l)=(k®a " ®a +a”" ® 1 ®K)R,

Rlga " ®l)=(a"®1®a" —gk®a" 9K)R,
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134 :
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{42

143 :

t44 :

[I®a ®@1®a” — glk®A™ Kk, K] =0, (5.41)
(1a @10k + 19k®A ®a")K

= K(A"®a*®A ®k + A ®k®1®a - ¢’ K®a 9K®k), (5.42)

(1keK®a )K = K(A*®a K®k + K®a"®A ok + Kek®1®a™),
(5.43)

[1k®K®Kk, K| =0, (5.44)

(A" ®a"®A ®k + A ®k®1®a - ¢°’K®a 9K®k)K

=K(l®ea @19k + 19k®A ®a"), (5.45)

[A"®a*®A ®a’ — A" 9k® 10k — ¢’ K®a ®K®a*, K] =0, (5.46)
(A-Ra*"9K®a +K®a ®A*'®a - gKek®13k)K
= K(A"®a ®K®a" + KRa*®A " ®a* — gK®@k® 1®K), (5.47)

(A" Ra"9Kek+K®a ®A"®k+ Kekel®a")K = K(1ekeK®a"),
(5.48)

(A*Ra " K®k + K®a*®A ok + KRk l®a )K = K(19kK®a ™),
(5.49)

(A"®a 9K®a' + Kea"®A ®a" - gKek® 18k)K

= K(A ®a"®K®a +K®a ®A"®a - gK®k® 1K), (5.50)
[A*®a ®A*®a — gA*Rk®10k — ¢’K®a*®K®a™, K] =0, (5.51)
(A*®a ®A*Qk + A*®k®1®a* — ¢’ K®a* 9 K®k)K

=K(1®a*"®13k + 19k®A*®a"), (5.52)

[19k®K®k, K] =0 (same as t4), (5.23)

(19keK®a")K = K(A"®a"9Kek + Kea A" 9k + Kek® 1®a"),
(5.54)

(12a"®1ek + 19k®A"®a )K
= K(A*®a ®A*®k + A*®k®1®a' - ¢’K®a* 9K ®k), (5.55)
[Iea*®1®a™ — g1 ek®A*®K, K] =0. (5.56)
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L] 1+j+ J+2k+ (q4)a T (q4)c—,8

X Ki,j+k—a'—,8—y,0,k+l—a/—,8—y K € — 187 j +k—a- 187 k+1—-a- :8
a,b+c-a-B-y,0,c+d—a—-B-y CY,,B, Y, b — a, d — a, k — iy — IB, E— ’8 —y

dr=ala+2c=-2-1)+2B—-c)(b+c+d)+y(y—-1)—k(j+k+1),

where the special case K:’:’g’: appearing in the sum is given by

ij0l i+j Y j+l & (q4)a 1 .~ h— qz,

opr=0U+a+1)(b+1-21)+b -1,
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Wo .

Wp -

434234232123423123412321
343232432123423121342321
342323432123423212342321
324324321243423212342321
324342321234323212324321
323432321234232132324321
323423213232432123234321
323243212323432123423214
232343212324321243423214
232432124342321234323214
232432123432321232432134
232431234123213232432134
232413234123212323432134

232143234123123124321434
232143234121323124321434
232143234212323124321434

232143232143232124321434
232142321343231243121434
232124321432434123212434
231214324312341323212434
213214342312134232132434
213213432321232432132434
213234123213232432132434
213234123212323432132434

213234123123124321432434
213234121323124321432434
213234212323124321432434

213232143232124321432434
212321343231243121432434
123121432434123212432434
123214232341323212432434
123214323421232132432434
123214321342312132432434

123214321324321232432434.

P6,7P18,|9P19,20Y1_,'2,3
‘F;i5£¢H6J7J8
Py3P10,11 P9, 10P3,9Y6,7.8
Ps.6P2.21Y7) 15,13
Y5,14,5})16.17‘1‘1_31,14,15,16
P8,9‘P§,|6,7,8P12.13q‘f71,18,19,20
Py 595" 0 11.12P19,20 P23 24 P22.23 Y 20,21,22
l1‘1123'41:'16,171)15,161’14,15Y12,13,14
Y1_7',|g,|9P|1,|2P8,9P7,8P6,7Y4,5,6
Y;,llo,uP18J9P22’23‘Pf91,20,21,22

P9 10Ps9®¢", s P1a,15¥]] 15 13,14

P5 6'¥715 16,1718

P4,5P15,I6CD1_3I’14.15 P21 22P20,21Y18,19,20
P23

Di0,11,12

Po,11P9,10%¥12,13,14.15
P9,10‘1’§,,l7,8,9P18,|9P17,18(D1_51,|6’17

Ps 6 P12,13Y10,11,12P15,16 P16,17®19,20,21
¢;k5PKLHI§JOPHJ6YE;MJ5
P2,3P8,9Pl3,l4Pl4.I5Pl9.20‘P|_6l,|7,|8,19
Y(_,,'7,8@11,|2,|31"15,|6

-1
P6,7P5,6Pll,12q‘8,9,10'11

-1
lI,12,13,14,I5

o
P12,13P1 11.12P18,19P17,18 Y 15,16,17

P7.8Ps 7%9,10,11,12
Ps,7%93 4 5.6P15,16P14,15073 13 14
P3 4@, P9 10Y7,89P12,13P13,14®16,17,18
Ps1®4,5,6P12,13Y 10 1112
Pi0,11%7,8,9,10P16,17% 13 14.15.16
Py 10P10,11 P|3,14<D|_|1,|2,13

Pi1,12®14,15,16



F, analogue of tetrahedron equation

R14,15,16R9,11,16K7,8,10,16K17,15,13,9R4,5,1657,12,17R1,2,1656,10,17R9,14,18
X K17,5,3,1R11,15,18K6,8,12,18 R1,4,18R1,8,1557,13,19K19,11,6,1K19,15,12,453,10,19
X Ra.8,11K20,14,7,1R2,5,1856,13,2093,12,20R1,9,21K20,15,10,2R4,14,21 K3 8,13 21
X R>,11,21R2,8,1456,7,220K22.4,3,2R5,15,21K22,14,13,11510,12,22K23,9,6,253,7,23
X 819,20,22K22,18,17,16510,13,23K23,14,12,553,6,24 K23 21,19,16K24,9,7,4517,20,23
X K24,11,10,5512,13,24517,19,24K24,21,20,18 R5,8,9522,23 24

= product in reverse order. 5o opavitovs en ek side

Th (2 N (PY
I This s athrihaled To (BDRE “ov 853 ook (BORE for Cz>



1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15, 16, 17, 18, 19, 20,21, 22, 23, 24, 25
26,27,28,29,30,31,32,33,34,35,36,39,40,41,43,45,46,37,38,42,44,47,48,50,49)
1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14,15, 16, 17, 18, 19, 20,21, 22, 23, 24, 25
26,27,28,29,30,31,32,35,36,41,43,33,34,39,40,45,46,50,48,47,44,42,38,37,49)
1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25
26,27,28,29,32,30,31,35,36,4],43,50,46,45,40,49,39,34,33,48,47,44,42,38,37)
50,1,2,3,4,5,6,15,7,8,9,10,11, 12, 13, 14, 16, 17, 19, 18,20, 21, 22, 23, 24
25,26,27,28,29,43,41,36,35,31,30,46,32,45,40,49,39,34,33,48,47,44,42,38,37)
50,1,2,3,5,19,4,6,15,7,8,17, 10, 16, 14,9, 13, 20, 24, 26, 43, 18, 12,22, 23
27,41,46,36,1l,21,25,28,32,45,48,29,35,40,49,47,39,44,42,31,30,34,33,38,37)
50,1,2,3,5,19,4,6,15,7,8,17,10, 16, 14,9, 13, 20, 24, 26, 43, 18, 12,22, 23
27,41,46,48,36,45,47,32,28,25,21,29,35,40,49,39,44,42,31,30,34,11,33,38,37)
50,1,2,3,5,19,4,6,15,7,8,17, 10, 16, 14,9, 13, 20, 24, 26, 43, 48, 46, 18, 41
27,23,22,36,45,47,32,28,25,12,21,29,35,40,49,39,44,42,31,30,34,11,33,38,37)
50,48,1,2,3,5,19,4,6,15,17,43,46,7,8, 10, 16, 14,26, 24,20, 13, 18, 41, 45
27,23,22,36,47,32,28,25,9,12,21,29,35,40,49,39,44,42,31,30,34,]1,33,38,37)
50,48,1,2,3,5,19,4,6, 15,17,43,26,46,7, 8, 10, 16, 18,41, 45,47, 14,24, 27
32,49,20,23,36,40,28,22,25,35,39,29,13,21,44,42,31,12,30,34,9,11,33,38,37)
50,48,1,2,3,5,19,4,6, 15, 17,43,46,47,26, 45,41, 18,7, 16, 10, 14, 24,27, 32
49,20,23, 36,40, 28, 8,22, 25, 35, 39,44, 29, 13, 21,42, 31, 12, 30, 34,9, 11, 33, 38,37 )
50,48,47,46,1,2,3,5, 19,43,45,41,17, 15,6, 26, 18,7, 16, 4, 10, 14, 24,27, 32
49,20,23, 36,40, 28, 8,22,25,35,39,44,29, 13, 21,42, 31, 12,30, 34,9, 11, 33, 38,37 )

50,48,47,46,1,2,3,5, 19,43,45,49,41,17, 15,6, 26, 18,7, 16,32, 27,24, 14, 10
20,23, 36,40,28,4,8,22,25,35,39,44,29, 13, 21,42, 31, 12, 30, 34,9, 11, 33, 38, 37 )
50,48,47,46,1,2,3,5,19,43,45,49,41,17, 15,26, 18,7, 16, 32,27, 24, 14, 6, 10
20, 23,36, 40, 44, 39, 28, 35,42, 25,22, 29, 13,21, 31,8, 12,30, 34,4,9, 11, 33, 38,37 )
50,48,47,44,46,1,2,3,5, 19,43,45,49,41, 17,15, 26, 18,7, 16, 32,27, 24, 14, 40
36,23, 20, 10, 6,39, 28, 35,42, 25,22, 29, 13, 21,31, 8, 12, 30,34, 4,9, 11, 33, 38, 37 )
50,49, 48,47, 46,45,44,43,41,19,1,5, 17,3, 15,26, 32, 18, 40, 27, 36, 39,2, 7, 16
24,28,35,42, 14,23,20, 25,22, 29, 10, 13, 21, 31,6, 8, 12, 30, 34, 4,9, 11, 33, 38,37 )
50,49, 48,47, 46,45,44,43,41,19, 1,5, 17,26, 32,40, 3, 15, 18,27, 36, 39, 42, 35, 28
24, 16,7, 14,23,20,25,22,29, 10, 13,21, 31, 6,8, 12,30,34,2, 4,9, 11,33, 38,37 )
50,49, 48,47, 46,45, 44,43,41,19, 1,5, 17, 26, 32, 40, 42,39, 36, 27, 18, 15, 35, 28, 24
16,3,7, 14,23, 20,25, 22,29, 10, 13,21, 31,6,8, 12,30, 34,2,4,9, 11,33, 38,37 )
50,49, 48,47, 46,45, 44,42, 40, 39,43, 41,36, 19, 32, 26, 35,27, 28,24, 17, 18,23, 15, 16
5,1,3,7,14,20,25,29,22,10, 13,21, 31,6, 8, 12,30, 34,2,4,9, 11, 33, 38, 37 )
50,49, 48,47, 46,45, 44,42, 40, 39,43, 41,36, 19, 32, 26, 35,27, 28,24, 17, 18,23, 15, 16
5,29,25,20, 14,7,3,22,10,13,21,31,6,8, 12,30, 34, 1,2,4,9, 11, 33, 38, 37 )
50,49, 48,47, 46,45, 44,42, 40, 39,43, 41, 36, 19, 32, 26, 35, 27, 28, 24, 17, 18, 23,29, 25
15, 16,20, 14,5,7,22, 10, 13,21, 31,3, 6,8, 12,30, 34,38,33,37,11,9,4,2, 1 )
50,49, 48,47, 46,45, 44,42, 40, 39,43, 41,36, 19, 32, 26, 35,27, 28, 24, 17, 18, 23,29, 25
15,16, 20,22, 14,5,7, 10, 13, 21, 31, 38, 34, 30,33, 37, 12, 11,8, 6,3,9,4,2, 1 )
50,49, 48,47, 46,45, 44,42, 38,40, 39, 43,41, 36, 19, 32,26, 35,27, 28, 17, 18, 23,29, 25
31,34,24, 15, 16, 20, 22, 30, 33,37, 21, 14,13, 12, 11,9, 10,8,7,5,6,3,4,2, 1 )
50,49, 48,47, 46,45, 44,42, 38,40, 39, 43,41, 36, 19, 32,26, 35,27, 28,29, 17, 18,23, 25
31,34,37,33,30,22,24,20, 16, 15,21, 14,13,12,11,9, 10, 8,7, 5,6, 3,4, 2, | )
50,49, 48,47, 46,45, 43,41, 44,42, 40, 39, 38, 37, 34, 36, 35, 32, 19, 26, 27,28, 29, 31, 33
25,23, 18,30, 22,24, 20, 17, 16, 15,21, 14,13, 12,11,9, 10, 8,7,5,6,3,4,2, 1 )
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G, reflection equation

X231 (1) R13(xy°) X123 (xyP) R32 (x*y°) X312(xy)Ro1 (x) = Ri2() X132 (xy) Ras (x°v°) X213 (xy*) R31 (xy°) X321 (1)

X= Amplitude of special 3 particle event in which 2 particle collision happens
exactly at the same instant as the boundary reflection of the 3rd particle.

(
{Spectral parameters} ={positive roots of G2}

Elementary geometric consistency of the above diagram is due to Desargues-Pappus theorem



Quantized G, reflection equation

()
F456739 o F456789

F456789J2319 L138J1237L326J3125L214 L124J1325L236J2137L318J3219F 456789

More symbolically, G, reflection equation up to conjugation:

F(J31L13J123L32J312L71) (L12J132L23J213L31J321) F
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