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The Betheansatzequationsconnectedto the Uq(X~’~)algebraare studied at q = exp(2~ri/
(1 + g)), with 1 beinga level and g thedual Coxeternumber.Basedon a “string hypothesis”in
the thermodynamiclimit, thecentralchargesrelevantto thex~}~restrictedsolid-on-solidmodels
and their fusion hierarchiesare determinedin two critical regimes.The calculation leads
naturally to a generalizedconjecture on the Rogersdilogarithmic function identity for an
arbitrarypair (X~’>,1), which includestheearlier onefor the simply-lacedcasesX~

1~= ~ D~’~
and E~

8.

1. Introduction

Through the last few decadesthe Betheansatzhas beenrecognizedas a fairly
universal structurein integrablesystemsin quantumfield theory and statistical
mechanics.A varietyof modelsareknown to sharecommon Bethe equationsand
havebeenanalyzedin a unified perspective.Among others,examplesof particular
interest are those models connectedwith the affine Lie algebraX~’~and its

q-deformation Uq(X~t)).In ref. [1] the Bethe equationsfor such systemsare
formulatedin termsof the root systemof the associatedalgebra.

The purposeof this paper is to study the Uq(X~r
1~)Bethe equationsat q =

exp(2iri/(1 + g)), where / is a positive integerand g denotesthe dual Coxeter
number.The resultsarerelevantto the critical level-I X~1~restrictedsolid-on-solid

(RSOS)modelsandtheir fusionhierarchies.More specifically,we shall do a Yang
andYang type thermodynamiccalculation[2] andextractthe centralcharges[3] in
two critical regimesfrom low-temperatureasymptoticsof the specific heatcapacity
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for an infinite system.As an evaluationof the central charges,this is yet another
but in principle equivalentapproachto calculatingthe finite-sizecorrectionsto the
ground-stateenergies[41.The former route,however,hasbeentakenin relatively
fewerworkscomparedwith the finite-sizecorrectionapproachfor which onefinds
an immenseliterature(seefor exampleref. [5]).

In refs. [6,71 Bazhanovand Reshetikhin executedsuch a program for the
simply-lacedalgebras~ D~’~andE~’~8.Their resultswererelevantto the fusion
~ RSOSmodelsbuilt in ref. [81andwent evenfurtherbeyondtheexistinglist of
solvable RSOS models. The presentpapergeneralizestheir result into arbitrary
~ Besidesthe ~ RSOS,themodelsthemselvesto which the resultsapply are

yet to be constructed(remark2.5). Somemodelsof such sort areavailable in the
“non-fusion” casefor ~ ~ D~t)[9] and G~

1~[101.(Seealso ref. [11] for ~
andA

1.)
A fascinatingfeatureof BazhanovandReshetikhin’scalculation[6,71is that the

central chargeis naturally expressedby the Rogersdilogarithmic function L(x)
through combinationsof the following quantity:

6 r 1—1
—~ ~ L(f~), (1.la)

a=1 m=1

1 x log(1—y) logy
L(x) = — —f + dy, 0 ~x ~ 1, (1.lb)

2~ y l—y

where the entry 0 ~ ~ 1 (1 ~ a ~ r, 1 ~ m ~ I — 1) is determinedpurely from
theLie algebraicdata.The authorsof ref. [7] haveusedtheconjecture[12] that the
quantity(1.la) is equalto

ldimX__________ — r for X~
1~= ~ D~’~andE~t~8’

1+g r r

which is the well-known Wess—Zumino—Witten(WZW) value (— rank) [13]. In
fact, the proof had been essentiallygiven for X~1~= ~ in refs. [14,151and for

= ~ by Kirillov [12]. Herewe generalizethe conjectureto arbitraryX~1~as
follows:

6 r t~1l ldimX
~ L(f,~)= r —r Vl~1, (1.2)

a=lm=1 1+g

wherethevital factor ta (1 ~ a ~ r) is the integerdefinedby ta = 2/I aa 2 with aa
being the ath simple root in the normalization I long root 2 = 2. Again the entry
f(a) is specifiedpurely from the pair (X~1~,1) (see(A.lc)). The simply-lacedcase

(1.la) correspondsto the situation ta = 1 for all 1 ~ a ~ r. The conjecturalformula
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(1.2), which is remarkablein its own right, is the key to our calculationof the

central chargesby the Bethe ansatzthermodynamics.It has been supportedby
numericalexperimentsfor any (X~t),I) with small levels I and ranks r. (Seethe

remark after(A.ld) for the caseI = 1.)
The outline of the paper is as follows. In sect. 2, we formulate the Uq(X~r’~)

Bethe equationsin termsof the root systemfollowing ref. [1] andtherebyfix the
notations. Thermodynamicquantities are evaluated in terms of “string” and
“hole” densities.As a specialfeaturefor the level-/ RSOSmodelsat criticality, we
employ anhypothesis(2.7) that for “color” a,only thosestringswith length ~ t~l

contribute to the thermodynamicquantities.The central charge c is expressed
through the Rogersdilogarithmic function with argumentsg~(±xD). We also
include an interestingresult on high-temperatureasymptoticsof the entropy. In

sect.3, the quantitiesg~(±c~)are identifiedwith thosef(a)~sattachedto various
subalgebrasof X~’~at various levelsdependingon the regime. Thenthe resulting
valuesof c arecomparedwith several known caseswith perfect agreement.The
comparisonis mainly basedon the one-pointfunction resultsof the RSOSmodels
in refs. [16—191.Sect. 4 contains a summary and discussion. In particular, we
indicate further possiblegeneralizationsand presentthe extendedresultson the

central charges for such situations. Appendix A gives a formulation of the
dilogarithmicfunction identity (yet to be proved),eachdefinedfor the pair (X~’~,l)
where 1 E > ~correspondsto the level. The descriptionof the importantquantity
f(a) is partly basedon Kirillov and Reshetikhin’stheory[201on finite-dimensional
representationsof yangians.We include a few results and conjectureson the

explicit form of the f(a) for exceptionalLie algebras.The conjecturedgeneraliza-
tion of the dilogarithm identity in ref. [12] appearsto be invalid for the non-
simply-lacedalgebrasdueto the lack of the factor ta. (Seenote added.)

2. Thermodynamicsof the Uq(X~©)Betheansatz system

We shall studythe Betheequationsrelevantto the level-/ X~’~RSOS modelsat

criticality. Besidesthe algebraX~’~andthe level l (andthe systemsize N tending
to infinity), the equationscontaintwo moreintegerparameterss and p subjectto
(2.4). They are supposedto specifythe type of fusion sw~of the corresponding
RSOSmodel in the senseexplainedin remark2.5.

2.1. THE Uq(X~P)BETHE EQUATIONS

Let X~’~be one of the rank-r non-twistedaffine Lie algebras[21] ~ (r ~ 1),
B~’~(r ~ 2), C~’~(r ~‘ 1), D~’~(r ~ 3), ~ ~ ~ F~1~and~ and Uq(X~’~)be
its q-deformationof theuniversalenvelopingalgebra[22]. Welet eta, ~0a (1 ~ a ~ r)
denote the simple roots and the fundamentalweights of the classicalpart Xr,
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respectively.Introduce the bilinear form (I) on the dual spaceof the Cartan

subalgebraof Xr as follows:

2(etalWb) 2(etaletb)

=
6ab’ Cab = = (Cartanmatrix)ab of Xr. (2.1)

(eta I aa) (eta I eta)

2
We normalizethe roots so that I long root = 2 andset

2
ta= , 1~aa~r. (2.2)

(eta Itta)

By definition ta = 1 if eta is a long root and otherwiseta = 2 for Br, C,, F
4 and

ta = 3 for G2. Onemay equivalentlydefine t, as t1 = a1/a1~’,where a, and as” ‘s are
the so-called Kac and dual Kac labels, respectively (cf. ref. [21]). For later
conveniencewe also introducethe notation

Bab = ~b tab = max(ta, tb), 1 ~ a, b ~ r. (2.3)

It then follows that Bab = Bba is the symmetrizedCartanmatrix. In table1, we list
the Dynkin diagramwith the numerationof its nodes,the dimensionandthe dual

Coxeternumberg for eachXr alongwith those ta * 1.
Fix the integers1, p and s satisfying

1~1, l~p~l and 1~s~t~/—1. (2.4)

Choosefurther any positiveintegerN suchthat

Na = NS±(C~) pa = NS(C
1)ap EL for all 1 ~a ~ r. (2.5)

Note then that the Na are in fact non-negative.Now we aregoing to write down
the Uq(X~t))Bethe equations at q = exp[2~ñ/(l+ g)], which is, in the sense
explainedbelow,relatedto “level-I X~1~RSOSmodel with type Sw

1, fusion”. They
are the following system of simultaneousequationsfor the complex variables

1 ~ a ~ r:

sh(~ (~(a)+ i(sw~I eta))) N = ~(a) Nb sh(~ (u5”) —~ + j(eta I

sh(~_L-(u~”)— i(sw~I eta))) b=1 k=1 5h( .~_L~(uJca— u5~’)— i(eta I etb)))

for 1~J~Na, 1~a~r, (2.6)

where L = 1 + g and is somephasefactor.Severalremarksare in order.
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TABLE 1

Xr Dynkin Diagrams dim g

Ar r2-~-2r r+l

1 2 r-1 r

2

Br 00 2r2+r 2r -1
1 2 r-1 r

2 2 2
Cr OO0~ 2r2+r r+l

1 2 r-1 r

Dr ~ — — — ~ 2 r 2 r 2 r -2

1 2 r-2 r

78 12

1 2 3 4 5

7

E
7 133 18

1 2 3 4 5 6

8

E8 ~ ~ 248 30

1 2 3 4 5 6 7

2 2
F4 52 9

1 2 3 4

3
G2 cO 14 4

1 2

The classicalsimple Lie algebraXr. the Dynkin diagram, the dimensionof X,. and the dual Coxeter
numberg. In eachDynkin diagram,the nodesare numeratedfrom 1 to r. The parametert, (2.2) has
beengiven above the node a only when t,, � I.
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Remark2.1. The Betheequation(2.6) with all = 1 correspondsto a special
caseof ref. [11,where Uq(X~.”~)(k = 1, 2, 3) are consideredwith more general
choicesof Na underthe presenceof inhomogeneityfor the spectralparameteras
well as therepresentationparameterswp.Theirequations,in which L is a generic
parameter,are relevant to the spectrum of row-to-row transfer matrices for

Uq(X~1))vertexmodels.
Remark2.2. It wasshownfor the ~ case[6,71that the Betheequationsfor the

RSOSmodels acquiresome non-trivial phasefactor Q~as above. Although its
explicit form is not known in general,we expect,as in the D~1~andE~’~,

8cases[7],

that its effectwould beproperlytakeninto accountin the thermodynamiclimit by
the forthcominghypothesis(2.7) on the solution of (2.6).

Remark2.3. The integerN standsfor the length of a row of a square lattice,
thereforethe thermodynamiclimit is achievedwhen N —~~. The quantitiesu~”~
and Na arecalled “pseudomomenta”and the “completion numbersof the color
a”, respectively.

Remark 2.4. The completion numbers (2.5) have been chosen so that

w,0~~Nsw~ — = iNaeta = 0, which is relevantto the groundstatesof our RSOS
models.From the viewpoint of spinchainsandvertexmodels,the w~0~corresponds
to the “total magnetization”and the choice(2.5) implies the “completely antifer-
romagneticsector”. Seee.g. ref. [23] for an argumentconcerningthe Heisenberg

chain.
Remark2.5. By “level-I X~’~RSOS model with type sw~fusion” we meana

“model” for whichwe can in generalonly providethe following very obscureand
conjecturaldescription.

Supposeq is generic and let V,,, denote the finite-dimensional irreducible
Uq(Xr) module with highestweight wE e~,L>owa.ConsiderUq(X,Y~)and the
associatedspectral parameterdependentquantum R-matrix R(v) E Hom(V 0

V’, V’ ® V), wherethe V andV’ are chosenfor eachalgebraas follows:

V,,, for Uq(A~) and Uq(C~),

V,,, for

V,,,6 for Uq(E~)),
V=V,=

for Uq(E~2),

for

for

{v~ , V~~r} for Uq(D,(
1)),

V, V’ E {v~,v~j for Uq(E~)).
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Explicit forms of such R(v)’s may be found for Uq(X~’~)= Uq(A(,~)),Uq(C~.t))[24],
Uq(G~t))[25] and Uq(B~P),Uq(D~’))[26]. Now starting from thesefundamental
R(v)’s, do the fusion procedure(cf. ref. [27]) usingeverypossibledegeneracypoint
det(R(v = v

0)) = 0 to get as many inequivalentsolutions as possibleto the Yang—
Baxterequation.The resulting R-matricesin generalacton the tensorproductof
reducibleUq(Xr) modules.The first conjectureis, the totality of such generically
reducibleUq(Xr) moduleswill containthe oneisomorphicto a naturalq-analogue
Wq(P, s) of W(p, s) (A.4) for eachs andp (cf. ref. [20]). Assumingthis, onecanin
principle find Rs~~p(v)E End(Wq(p,s) 0 Wq(p, s)) to be called a type sw,,, fusion
R-matrix.Apply next the so-calledvertex-SOScorrespondencetransformation[28]

for the R~~(v)to producea solvable facemodel equippedin generalwith edge
and sitevariables(cf. ref. [8]). Finally, onespecializesto q = exp[2~ñ/(l+ g)] and
restrictsthe sitevariablesto the level-I dominantintegralweightsof ~ Thenthe
second conjecture is, for each choice of I, p, s as in (2.4), there exists an
admissibility condition on adjacentsite and edge variablesunderwhich all the
allowed Boltzmannweight functions becomewell definedand fulfill the (gener-
alized) star—triangle relations among themselves.If this is valid, the resulting
Boltzmannweight functions define an object to be called the level-/ X~’~RSOS
model with type sw,, fusion.

The above“construction” is indeedknown to work essentiallyfor ~ [8] and
G~

1~with s = 1, p = 2 [10]. It is also naturalto expectthat thosemodelsin [9] have
this origin as well. In fact, they are known even to admit an elliptic function

generalization.(For G~’~[10], this is still a conjecture.)Somebackgroundresponsi-
ble for this may be found in ref. [29].

2.2. THE THERMODYNAMICAL CALCULATION

We shall employthe following hypothesison the solution of (2.6).

Hypothesis(“String Hypothesis”). Let ~‘(a) (1 ~ a ~ r, m ~ 1) be thenumberof
theU~’~that tendto a pattern(U,,,,, + it; ‘(m + 1 — 2n) II n ~ m} for some1~ia~,E 11
in the limit N —~ oc~Then

t,,1
~

lim m=1 = 1 for all 1 ~a ~r. (2.7)
N-~ Na

This has beenactuallyobservedto be the casefor a few simplestcasesof ~
[61,which we believe generally true. We call the pattern (u,,,,,+ it; ‘(m + 1 —

2n) Ii ~ n ~ m} a string of color a, length m at real centeru,,,,, or just a color-a
rn-string for short. The hypothesismeansthat for color a, only thosestringswith
length ~ t,,l contributeto the thermodynamicquantities.This is a naturalexten-
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sion of the one employedin ref. [7]. The real centersof the strings will form
continuousdistributions. In the working below,we will mainlyusethe lettersa, b,
c, d as the color indicesand j, k, m, n as the length indices. In casea confusion
might arise,the algebradependenceis alsoshown by a superscript,e.g. the Cartan
matrix C~’~Fourier transformationof a function h(u) will be denotedby h(x)
andnormalizedas

1 ~ ,,

h(u) = —f h(x) eIux dx, h(x) = f h(u) e~ du.
2~

We find it convenientmainly to work in the Fourier transformedpictureandoften
suppressthe argumentsof functionsas h = h(u), i~= h(x).

Now the thermodynamicalcalculationgoes as follows (cf. ref. [6,7]). Consider
the logarithmof bothsidesof (2.6) andsumthem up overthoseu~belongingto a
color-a rn-string at real center u(1 ~ a ~ r, 1 ~ m ~ tal). If one introduces the
stringandhole densities[2]p~(u), o~(u)for eachcolor a andlength m, they are
shown to obeythe equation

~pa~t’a,m(U, s/tn)

=p~(u) +cr,~(u)

r t/,l k

+ ~ ~ f dv 4,,m(U — v — iç’(k + 1— 2n), Cab/ta)p~b)(V), (2.8a)
b=1 k=i n=t

iL ~ m Sh(~(U +it;’(m + 1—21) +i~))
~a.,n(U, ~)= —i—- ~ log 2 . (2.8b)

j=1 sh(~(u+it;1(m+ 1—21) ii))

Passingto the Fourier component,this is equivalentto

r 161

= ~ + ~ ~ for I ~ a ~ r, 1 ~ m ~ ci. (2.9)
b=i k=1

Here the A~h)m~(and M,,h, (1 ~ a, b ~ r, 1 ~ m ~ tal, 1 ~ k ~ thl) are definedas

M,,h —Mb,, =B,,h + 26,,h(ch(x/t,,) —1), (2.lOa)

A(L)I~k ....A(L)kin = sh(min(m/ta, k/tb)x)sh((L — max(m/t,,, k/th))x)

a/i ha sh(x/t,,/i)sh( Lx)

(2.lOb)
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where Bab and tab aregiven in (2.3). We will also usethe following function Kr”
(1 ~a ~r, 1 ~m, n ~t,,l— 1):

K~ = = ömn + 2ch(x/t ) (C~’~’-’)— Thmn), (2.11)

which involves the Cartan matrix of A,,,1_,. Given thesedefinitions, one can
readily checkthe following identities:

sh(mx/t )
— sh(lx) AU~)1~~=A~”, (2.12a)

“i—i

2ch(x/ta) ~ ~ for 1~a~r, 1~k,n~t,,l—1.(2.12b)
m=i

Set m = tal, x —~ 0 in (2.9) and simplify the right-hand side by the relation
= stb/tP(C 1)~,/i derivable from (2.5) and the hypothesis(2.7). The

result turns out to be ~~O) = 0, which meansthat

cr1(u) = ó~(x) = 0 for all u, XE l~l and 1 ~ a ~ r, (2.13)

sincethe densitymustsatisfyo~ku)~ 0, Vu © l~l.Fromthe sameequationonecan
thenexpress as

r r fbi—i

~d1) = AL)st,,1 — ~
2ja’~ah~±’”’131,~ for 1 ~ d ~ r, (2.14)

a=~1b=i k=1

where )~is the inverse of the r x r symmetric matrix (i abA’ia1~t~1,5t~~l)1~ a,h < r In
fact, by the definition Y satisfiesthe following relationsfor 1 ~ a, b ~ r:

r sh(mx/t )
jt~,j’

4(L)~nt61y ~

h=1 a/i a b h ~i< sh(lx)

r sh(kx/t.)

h=1 = ~ . (2.15)

Eliminating ~ by (2.14),onefinds, using(2.12a)and (2.15), that (2.9) reducesto

r

= d’,~ + ~ A,,/iA~’~7) for I ~ a ~ r, 1 ~ m ~ t,,/ — 1.
h~1 k=1

(2.16)
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We further rewrite this by multiplying K~” and summingover m = 1,.. . , ta/ — 1
with the help of (2.12b) to arrive at

6 6 t,,l—1 r 1611pa S,~ = E j~nm~(a) + ~ ‘I5~ for 1 ~ a ~ r, 1 ~ n ~ tal — 1.
2ch~x/t~j m=i b=1 k=i

(2.17)

Here,J~= ~ is definedin the range1 ~ a, b ~ r, 1 ~ n ~ tal —

1, 1 ~ k ~ tbl — 1 and hasthe form

~nk ‘~‘ab 5h(X/ta)~ab = 2ch(X/ta) sh(X/tab)

tb/I,, 1 sh(jx/t )
+ ~ sh(x/ta:) (~t6~ + 1)—t,,j.t,,k + 616(n — 1)+t~Jt~k)), (2.18)

whereinthe sum “/,~‘ is to be understoodaszero if ta ~ tb.
Now we turn to the calculation of the thermal energydensity ~‘. So far, the

explicit formula for the eigenvaluesof the row-to-row transfermatrix is known only
for A1~~fusion models (cf. ref. [7]) and those examplesin the latter or ref. [1]
concerningthe “non-fusion” casein the directionof the auxially space.Therefore
we proceedby postulatingthe following form that seemsto be a naturalextension

of the eqs.(4.5) and(4.5) in ref. [7] for the ~ case:

tpi ,,,

~‘=� ~, f dU4~pm(U,5/tp)p~(U)
,n=1

1,,!

= ~— ~ f~dxA~)5m(X)~ç)(X). (2.19)
m=1

Here E = ± is the sign factor that specifiesthe regimein consideration(ci. ref.
[6,7]). See(2.8b) for the definition of ~pm(U, s/tn). Again one can simplify this
expressionby meansof (2.12a), (2.14)and (2.15) as

~f duA~m(u)p~(u),
m=i

~= ~ (2.20)
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Nextwe evaluatethe entropydensity~ responsiblefor the combinatorialdegrees
of freedomto arrangethe stringsand holes.Taking(2.13) into account,it is given

by

r

5= ~ ~ f du((p(u)+u(u))log(p~(u)+o~(u))
a=i m=1

—p~(u)log p~(u)—o~(u) log o~,”~(u)). (2.21)

Having the thermalenergyandthe entropy at hand,we are now in a position to
seekthe equilibrium state.Denoting the temperatureby T=f3’, the condition

= 0 for the free energy density .~ = — 1’S” with the constraint
(2.16)leadsto

tö 6 t,,11

4ch(t~u/2)= TE f~dvK,,~m(u— v) log(1 + exp(~c~(v)))

r 161i~ f dvJ~(u—v) log(1+exp(—f3e~(v))), (2.22a)
b=1 k=i

= T log(o~/p~), (2.22b)

for 1 <~a~<r,1 <~fl~<tal~ 1.
With the aid of (2.22) one can extract the low-temperatureasymptoticsof the

entropy as follows [30,31]. Shift the variable u —~u — (2/t~~)log T in (2.22). For
T ~+ 1, the result reduces to the following equation for the function

— (2/t
1,~r)log T)/T:

t,,1— 1

~Eta6pa6sn e~~’~”
2= ~ f dv K~m(v)log(1 + exp(~)(u— v)))

m=i

r 1611

— E f dvJ,~<(v)log(1--exp(—q,~(u—v))),
b=1 k=1

(2.23)

which implies that q~,ç’~(u)remains finite in the low-temperaturelimit T —~ 0.
Consideringthe sameshift for the Fourier transformationof (2.17)and comparing
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the result with the u-derivativeof (2.23),onededucesthe following behaviorvalid
at u —~cc (cf. refs. [30,31]):

2� d�~”~(u)
p~(u) — — —f(f3�~(u)) Tn

yr du

2� de~(u)
u,~(u) —-——(1 —f(f3�~(u))) m , (2.24)yr du

where f(q) = (1 + e’~Y’is the Fermi distribution function. By using (2.22b) and
(2.24) in (2.21),we find the asymptoticsof the entropyfor T—* 0,

4eT r t,,i—i~ ~
p~ a=1 m=1

(2.25a)

Herewe haveattachedan extrafactor 2 to takeinto accountthe contributionfrom
the negative large u discarded by firstly passing to the limit u —‘ u —

(2/t~’~r)log T, T—~ 0. Introducing g~(u)= f(exp(q~(u)))further, the entropy
(2.25a)is expressedin terms of the Rogersdilogarithmicfunction L(x) (1.lb) as

8�T r 1,1—i

E (L(g~(cc))_L(g~(—cc))). (2.25b)
p~ a=1 m=i

Finally we relatethis asymptoticexpressionto the centralchargec. The argument
of ref. [4] implies that 32S’7aT2= —irc/3vF in the low-temperaturelimit, where
the Fermivelocity is chosento be v F = t~/4in our case.Combining this with the
relation aS”/aT = —32.~/aT2, we arrive at the expressionfor the central charge,

6 r 1,,l1

c = c—~ ~ (L(g~(cc))— L(g~(—cc))). (2.26)
a=1 m=1

The quantitiesg~(±cc) in generaldependon the regimes� = ± 1 andare to be
determinedfrom (2.23). In the next sectionwe will seethat they aregiven by the
purelyLie algebraicdata f(a) describedin appendixA. We remarkthat entropyof
a form similar to (2.25b) has been obtained in ref. [301 for the higher spin
Heisenbergchain.

2.3. HIGH-TEMPERATURE LIMIT

Herewe studythe high-temperaturebehaviorof the equilibriumfree energy

t,,i—t

~f duA~~m(u)log(1+exp(_f3c~(u))). (2.27)
m=i
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When T —* cc, the leading part of the asymptoticsof the e~(u)is expectedto
becomea constant.The constantsolution to (2.22) in this limit can be extracted
from (A.lc’) as

f(exp(f�~(u)))=f,~ asT—cc, (2.28)

wheref on the l.h.s. is the Fermi function specifiedafter (2.24) and the quantity
f(a) hasbeendescribedin the appendix.Combining(2.27) and(2.28),we have

5r- tpi~1

lim — = ~ A~~(x= 0) log(1 _f,~f)). (2.29)
T—~ 1’ m-~i

Substituting(A.7) into this andusing(2.lOb), we obtain an interestingresult,

lim S”= — lim — = log Q~P). (2.30)
T-”~ T—~aoT

Herethequantity Q~P)is the “yangiancharacter”at q = exp(2iri/(/ + g)) detailed
in appendixA. When T—* cc, the entropy density 5” is generally expectedto
becomelimN.,,,,(1/N) log(dim Z(N)), whereZ(N) denotesthe spaceon which
the length-N row-to-row transfermatrix acts. Thus the result (2.30) implies that
limN~(dimZ(N))1’~= Q(P), which is consistentto our picture for the “RSOS
model with fusion type sw~”in remark2.5. ForX~= ~ this hasbeenobserved
in ref. [6].

Remark2.6 (by V.V. Bazhanov).In ref. [39] the thermodynamicBethe ansatz

equationsfor non-critical RSOSmodelsof ADE type havebeenconjectured.The
correspondinglattice modelsarenot known in generalandit would be interesting
to find them. Theseequationsenable one to calculatethe central chargesc, the
dimension of the perturbation ti~ (thermal exponent), the spectrum and the

S-matrixof the excitationsof thecorrespondingscalingfield theorynearcriticality.
In particular, for X~’~= ~ I = 2, p = s = 1, one gets [391 in this way c = 1/2,

= 1/8 andthe S-matrix identicalto Zamolodchikov’sonefor the magneticIsing
model [36]. [Eq. (5.4) in ref. [39] hasbeenmissprinted.The correctformula reads
as c = 2 rank(G)/(g+ 2) and the words “minimal unitary” before the equation
and “by operator 4~13)”after it should be omitted.] In addition, eqs. (2.30) and
(A.12a) of the presentpaperin this casegives

e~=1+v~, (2.31)

in high-temperaturelimit. This meansthat the correspondinglattice model (if any)
shouldhavethe largesteigenvalueof the incidencematrix equalto (2.31).
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3. List of the central charges

The remainingtask in the centralchargecalculationis to specifythe g~(±cc)

= f(exp(~,~(±cc))) in (2.26)by using(2.23).We do this in subsect.3.1 andthereby
list the values of c. As it turns out, g~(±cc) will be identified with the Lie
algebraicdata f,~describedin appendixA attachedto various (X~Y~,1’) with
X~’~being a subalgebraof ~ Subsect.3.2 is devotedto comparisonsof the
resultsfor c with known cases.

3.1. DETERMINATION OF g~(±°”)

Consider the limit u —~ ±cc in eq. (2.23). Since K~m(u)and J,~(u)decay
exponentially,the quantityg~(±cc) = (1 + exp(~~(±cc))) ‘ satisfies

t,,i— i

~ e~~”~’~2= — ~ I~”(O) log g~(±cc)
m=1

r t611

+ ~, ~ J~(O)log(1—g~(±cc)), (3.1)
b=1 k=1

if, and as we assume,the ~ku) approachesto ~ ±cc) quickly enough.In the
appendix,we havedefined, for eachpair (X~,1), the quantityf,~(1~ a ~ r, 1 ~
m ~ ta/ — 1) that solve (3.1) with zero on its left-hand side. See(A.lc’). Thus we
obtain

g~(+cc)=f,~,a) for all 1 ‘~a~r, 1 ~m ~<t,,l—1. (3.2)

On the otherhand,we havea divergentleft-handside in (3.1) for g~(— cc)whose
sign also dependson the choice � = ± 1. Such an equation is fulfilled by the
behavior

E +1: ~ +0 for(a,m)EG÷,

E = —1: g~(u) ~-~---~ 1—0 for (a, m) E G_, (3.3)

e=±1: O<g~(—cc)<1 for(a,rn)~G
6,

for somesubsetG± of G~{(a,m)l 1 ~ a ~ r, 1 ~ m ~ t,,l — 1). In orderto find the
G±,we consider the following linear equation for the unknown constants
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h~,(a, m)E G, which correspondsto the proper cancellationof the divergent

termsin (3.1):

1,/—i

~ K~’~(o)h~ for�= +1
6pa6sn = Pn=l (a, n) E G. (3.4)

~ ~O)h~ forc= —1
b=1 k=i

The solution consistentlysatisfiesh~~ 0 for all (a, rn) E G and determines the
set G,, via the rule h~>o ~-* (a, m) E G,, as

G~=((p, m) Ii ~m ~ t~,l— 1), (3.5a)

G= {(a, sta/tp)I1’~a~r} if s/t
1,EL, (3.5b)

GflG(s,p) ifs/t1,~L,

s—se 5S0
G(s, p) = a, , a, + 1 1 ~a ~ ta = 1 (3.5c)

tp tp

u {(a, s — s0), (a, s), (a, s — s~+ t~)Ii ~ a ~ r, ta =

s0—=s mod ç, O~s0~t~—1. (3.5d)

Thesepatternsareconvenientlyvisualizedin a width-r tableauwhoseath column
(1 ~ a ~ r) consistsof the t,,I — 1 rectangleseach having the depth 1/ta and the
width 1. The rnth rectanglefrom the top of the ath column correspondsto the

I (b)’
1’ ~ IIIIEI

________________ (d) ________

(C) ____________

Fig. 1. (a) The tableauvisualizationof the sets G and G~for A1~~/=3, s 1 or 2, p 4. The2x6
outerrectanglerepresentsthe G while thehatchedregionsignifies theG~.The 0 andG, for D~’1and
E~1>with the same1, s, p are also representedby this figure. (b) The sets G and G~(hatched)for
B~,1=2, s= 1, p = 2. (c) The Sets0 and G÷(hatched)for C~’1,1=4, 1 ~ s ~ 7, p = 2. (d) The setsG

andG~(hatched)for ~ / = 3, 1 ~ a ~ 5, p = 4.
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Fad~~aa+.f~a~
Fig. 2. (a)The setsG andG_ (hatched)for ~ I = 6, a = 3, t,, = 1.

~‘ _______ _______

s=1 s=2 s=3

~~ .

s=4 s=5 s=6

s=7
Fig. 2. (b) The sets G and G_ (hatched)for B~

1,/ = 4, 1 + s ~ 7, t,, = 2. When s is even, the tableau
also correspondsto the 0 and G_ for B~1,/ = 4, s/2, t~, I.
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_______ ~... :.:. _______

s=1 s=2 s=3

aIac+1~.4i1
s=4 s=5

Fig. 2. (c) The sets G and G_ (hatched)for C~,/ = 3, 1 + s ~ 5, in = 2. When a is even, the tableau
alsocorrespondsto the0 andG_ for ~ / = 3, s/2, t,, = 1.

f_~’J ~t~’~IJ ________

s=1 s=2 s=3

.~ L4.5~i
s=4 s=5

Fig. 2. (d) The sets 0 and G_ (hatched) for F~’
1,/ = 3, 1 + s~ 5, t,,, = 2. When s is even, the tableau

alsocorrespondsto theG andG_ for F~11,/ = 3, s/2, t,, = 1.
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____ ,:~.,, . ~

Fig. 2. (e)The sets0 andG (hatched)for G~1), I = 3, 1 + a ~ 8, i,, = 3. Whens= 0 mod 3, the tableau
alsocorrespondsto theG andG_ for ~ I = 3, s/3, t,, = 1.

element (a, rn) E G. Then we see from (3.5) that the simply-laced algebras
X~1~= ~ D~1~and E~J1~

8possessespeciallysimple patterns: G~=pthcolumn,

and G.= sth row. In fact, G~(3.5a) is alwaysjust the pth column for any
irrespectiveof s. On the other hand, G.~(3.5b) for non-simply-lacedalgebras
exhibitsslightly complicatedpatternsdependingon both s and p. Seefigs. 1 and2
for someexamplesof G~andG, respectively.To summarizeso far, besides(3.2),
we haveseenin (3.3) that g~(— cc) = (1 — �)/2 for (a, m) E G,, and the G ± is
specifiedby (3.5). This completely removesthe divergencein (3.1) andleavesus
with the following equationfor the remainingg~(— cc):

t,,/—1 r t6i1

0= ~ I~”(O) log g~)(_cc)— ~, ~ .~(0) log(1 _g~h)(_cc)),
,n=1 b=1 k=t

(a,’n)+G, (b,k)~G,

(3.6)

which should hold for any (a, n) E G\G,,. A little inspection using (2.11) and
(2.18) then shows that (3.6) in fact decouplesinto a few independentset of
equations.Moreover,eachof suchequationsetscoincideswith (A.lc,c’) for some
(xY

1, I’) and therefore enablesus to identify the g~(—cc)’swith those f(a)~~{f(a) I(X.Y~,/‘)) attachedto the data(X~Y~,1’). Herewe shall only illustrate this
decouplingwith two examples,from which the other caseswill be easily inferred.
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“a
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Example1: (X~,1) = ~ 3); � = + 1. This casehas been depictedin fig. id
with the G~for p = 4 hatched.As p varies from p = 1 to p = 4, the “hatched
region” movesfrom left to right andthe 14 g~(— cc)’s, (a, m) E G aredetermined
as follows. (Theunion of the sets here andthe following examplemeansthe one :
retainingthe multiplicity of the elements.)

p = 1: (0,0) U jf(a) I(C~,3)),

p = 2: (0,0) U {f(a) I(A~~,3)) U {f(a) I(A~, 6)), 3 7a

p=
3: (0,0,0,0,0) U(f,~) (A~,3)}U{f,~ I(A(~,6)), ~ . )

p=4: (O,O,O,O,O}U{f,~,~~I(B~,3)}.

These are essentiallyderivable by identifying the shape of the “non-hatched
region” G\G~with the G’s for some (X~Y~,I’). Notice that the decouplingsare
independentof the choice of s. Substituting g~(— cc) (3.7a), g~(cc) (3.2) into

(2.26) andusing(3.8) and(A.la), one gets(3.9i) with /= 3.
Example2: (X~1~,1) = (G~’~, 3); p = 2; � = —1. The G_ for each1 ~<s~ 8(= /t

2

— 1, (2.4))has beendepictedin fig. 2e.Now the “hatchedregion” corre~pondsto
g~’

1(— cc) = 1 and the 10 g~(— cc)’s, (a, m) E G aredeterminedas

s = 1,2,7,8: {1, 1, 1) U {f,~2)I(G~,2)) U (f~a) I(A~~, 2)),

s=”3,6: (1,1) U {f,~1)I(G~’~,2)) U {f(a) ~ 3)),

s =4, 5: (1, 1, 1, 1, 1) U {f(a) I (A(~),3)) U {f(a) I (A(~),2)) U {f(a) I (A(~),3)).

(3.7b)

As theseexamplesshow, the g~(— cc)’s are evaluatedin terms of those f,~’s
associatedto various(XY~,I’) with X~’,1~c

Having identified the g~(±cc)’s with the f,~’s,the central chargesare now
computablefrom (2.26) by means of the (conjectured) dilogarithmic function
identity (A.la). Below we list the result of c for any choiceof the regime � = ± 1,
the algebra~ the level / and the integerparameterss, p obeying(2.4). We use

the notation

ldimX
s”(X~1),I) = r — r for I ~ 0. (3.8)

1+g

In particular,we have ‘(X”1 0) = — r for any X~’1and employ a naturalconven-
tion S”(A~,1) =2’(C~,1) = 0 for any 1. See(3.11) and(3.12) for further proper-
ties. The datadim Xr and g are available in table 1. The results for X~11=
D~’~andE~’~

8recoverthose in refs. [6,7].
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Regime� = + 1. The resultsare independentof s. To presentthem neatly,we
shall write e.g. a, b E.~L(Xr)to mean that the Dynkin diagram gr(X~)of Xr
containsthe nodesa and b(1 ~ a, b ~ r). Then,usingthe ta (2.2) attachedto Xr

(not ~ we have

c =2’(x~),1) — ~ ~ 1’),
X~ E

l’/l = min(t,, a E~f(X~)). (3.9a)

Here denotesthe set of the subalgebrasX~,of Xr whose~1(X~,) areobtained
by removingthe pth nodefrom the ~(Xr). Explicitly, they aregiven by

A~(r~1); (3.9b)

c =s’(A(,’), I) _2’(A~1, 1) —2’(A~~,1) 1 ~p ~ r.

B~’~(r~i2); (3.9c)

c =5f’(B~’~,I) ~ /) —S”(B~’2~,1) 1 ~p ~ r —2,

=s°(B~’~,1) —2’(A~.1,1) —2’(A~..~,2/) p = r — 1, r

(3.9d)

c =S”(C~,1) —S”(A~...1,21) —2’(C~1~,/) 1 ~p ~

(3.9e)

c =2’(D~,1) —S”(A~...1,1) —5”(D~~,1) 1 ‘s~p~ r — 2,

=2’(D2~,I) —2’(A~,~1,l) p = r — 1, r.

E~ (3.9f)

c =s2(E~),1) —s”(D~’),/) 1, 5

=S”(E~
1~,1) —s”(A(~),l) —.2’(A(~),1) p = 2, 4,

=5’(E~1~,1) — 2S”(A~,1) —2’(A~,1) ~ = ~,

=~(E~),1) —~(A(~),I) p =6.

E~ (3.9g)
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c =L?(E$“, I) -L?'(D~", I) P= 1, 

=c.Y(E;“, I) -_Y(A’;‘, I) -mY’((A’;‘, I) p=2, 

=_Y(E:“, ‘) -_.Y(&;‘, I) -aY(A’;‘, I) -mY(A$‘, 1) p = 3, 

=L?(E $‘), I) -L?++‘, 1) -L?‘(A’;‘, I) p=4, 

=L?‘(E \I’, ‘) -_Y(A$“, I) -P’(D;“, I) p=5, 

=P(E$“, f) -L?‘(E(h), 1) P = 6, 

=_P(E;“, I) d?(A’;‘, I) p = 7. 

E”‘. 

c :,crsi. [) -_Y(E:“, ‘) 

(3.9h) 

p=l, 

=m!S?(E ‘81’, I) --E”(A’;‘, I) -P’(E’,“, 1) p=2, 

=L?(E(XI), ‘) --E”(A’;‘, I) -L?(D$“, 1) p=3, 

=L?‘(Er’, I) -eY(A’;‘, ‘) -L?(A’;‘, I) p=4, 

=P(E &I’, I) -L?$4(;‘, ‘) -P’(ti;‘, 1) -.P’(A$“, I) p = 5, 

=T’(E’,“‘, ‘) -L?(A$‘, ‘) -_Y(A’;‘, ‘) p=6. 

=L?‘(E $‘, 1) -L?(D$‘), 1) p=7, 

=L?‘(E$“, f) -T’(A’;‘, 1) p = 8. 

F(1). 
4 7 (3.9i) 

c =L?(FJ’), 1) -P(C\“, ‘) I,= 1, 

=a.T?(F,“‘, I) -mY’(A$_,, I) -..??(A’;‘,, 21) p = 2, 3, 

=L?(Fq(‘), 1) -P(B$“, 1) P = 4, 

G”‘. 
2 3 (33) 

c =_Y(G$“, ‘) -mY((A’;‘, 31) p = 1, 

=L?‘(G$“, I) -S+;‘, Z) p = 2. 
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RegimeE = — 1. For the simply-lacedalgebrasX~1~= ~ D~1~and E~
8,the

resultsdependonly on ~ / and .s [7],while the othercasesexhibit a dependence
on p as well. They are given as follows:

X~’~

c =~(x~~~)+~(x~~i — —~(X~
t~,1) + r if — E L, (3.lOa)

=~(x~i~~o) +~(x~i~/ — ____ — —~(x~,1)

+E(ta+1)~~6tp
3 if—EL, (3.lOb)

where s~is the integeruniquely specifiedby (3.5d).
Remark3.1. The centralcharge(3.lOa) correspondsto the cosetpair [32]

~ ~ ~ ~

5 S

level 1—-— — 1.
tp tP

Similarly, the value(3.lOb) arisesfrom the decompositionof the three-foldtensor
product

~ X~’~e y,9) D X~’~

/—s’—l s’ 1 /

where s’ = (s — s0)/t~andy~’)DX~’~is specifiedfor eachnon-simply-lacedalge-
bra as follows:

X~
1~c

B~1~c ~

C~1~~

F,~c ~

G~’~c ~
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Remark 3.2. The following properties (3.11) and (3.12) have enabledus to
presentthe results (3.9) and(3.10) in a few fairly unified formulas,

..5~”(A1~),1) =.‘(CY), 1),

2’(B~11,1) =5f(C~1,1),

..~“(A(~),1) =..s~’(D~’),1),

25f’(A~,I) =5n(D~I),1). (3.11)

Thesearejust the consequencesof the equivalencerelationsamongthe classical
Lie algebrasXr. On the other hand,when 1 = 1, we have

‘(X~, 1) = 0 for X~11= A~(r ~ 0), D~(r ~ 2) and E~
8,

‘(B~
11,1) =2’(A~~,2) = ~, r ~‘ 2,

r(r— 1)
..9’(C~,1) ~ 2) = , r ~‘ 1,

r+2

S”(F~’~,1) =S”(A~,2) =

.2’(G~’),1) =5”(A(~),3) = ~. (3.12)

From (3.8) and (A.la), both sides of theseidentitiesare expressedby the sum

~(a,Tn) G ~ in which the correspondingsummationdomain G’s possessthe
identical tableauvisualization.

3.2. AGREEMENT OF THE CENTRAL CHARGESWITH KNOWN CASES

Let uscheck the agreementof the results(3.9) and(3.10) with the known (and
the conjecturallyknown) valuesof c which aremainly implied from the one-point

function calculations[16—19,25,33].From theseworks, we shall quote the central
chargesin a slightly loosesensein that the GKO—Virasorocharacter[32] emerges
as the one-dimensionalconfigurationsum(id sum) (cf. refs. [16—191).The so-called
regimeII to I (respectivelyIII to IV) transitionline thereinis to be comparedwith
the regimec = + I (respectively� = — 1) here andby abuseof terminologies,we
will refer to them for some modelswithout specifications.

The case X~’~=A~1~.The expressions(3.9b) and (3.lOa) transform into each
other by the interchangesr + 1 ~-sp,s -÷p[7]. Moreover,for all the known id sum
resultsso far, the generalizedlevel—rank duality is known to hold [34,35],which
implies theabovesymmetry.Thus we shall exclusivelyconsiderthe regime� = — 1.
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Unifying the prior establishedresults, / general,r = p = .s = 1 [33], 1, s general,
r =p = 1 [16] and 1, r general,s =p = 1 [17], the ld sumfor general1, r, s (p = 1)
hadbeenconjectured[8] as the branchingfunction for the cosetpair

~ ® ~ D ~ (3.13)

level 1—s s

in agreementwith the centralcharge(3.lOa) (p = 1). It was laterverified [19] that
the proposedid sum[8] indeedleadsto the abovepair.

The cases = ~ and ~ The level-/ X~1~RSOSmodelscorrespondingto
s =p = 1 were studied [18] in regimeIII and the id sumshavebeen shown to

becomethe branchingfunction for the pair

~ X~~ X~ (3.14)

level 1—1 1 /

The resultingcentralchargesrealize(3.lOa) with s =p = 1.
The caseX~’~= ~ For the level-I C~1~RSOS modelswith s =p = 1, the id

sumrelevantto the one-pointfunction in regimeII is known [18] as the branching
function for the pair

C51~e A(~3..
1c C5’~ (3.15)

level r—1 1 r

which yields c = 2/ — 1 — 1(1 + 1)(21+ 1)/(r + /)(r + 1 + 1). A little manipulation
showsthat this coincideswith S”(C~,1) —5”(C~21,1) in agreementwith (3.9d).

The casesX~= ~ The centralcharge(3.lOa) correspondsto the cosetpair

E~
1~ ~ D ~ (k = 6, 7, 8) with the levels (1 — 1) + 1 = 1, which yield the pro-

posedvaluesby Zamolodchikov[36].
The cases = ~ The id sum for the vertex model correspondingto

= 1, p = 2 is known to becomethe G~’~string function on level-i B~’~modules

viewed as the G~11modulesvia the embeddingG~1~‘-s B~[25]. The RSOSmodel
for s = 1, p = 2 (trigonometric)hasbeenbuilt in ref. [10]with a conjecturalelliptic
extention.In view of theseand the analogyfrom the C~’~case,we conjecturehere
that the proposedelliptic version exists andits Id sumin regimeIII becomesthe
branchingfunction for the pair

G~’~~ B~’~~ ~ (3.16)

level 1—1 1 /

which yieldsc = ~(1 — 16/(/ + 3)(/ + 4)). This is indeedequalto (3.lOb) with s = 1
and p = 2. Thefirst half of the conjectureis actuallyvalid for / = 1 whenthe Q~1)
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RSOSmodel reducesto the hardhexagonmodel [33]. In this caseone also knows
that c = ~ in regimeII, which againagreeswith the p = 2 of (3.9j).

4. Discussions

4.1. SUMMARY

In this paper,we havestudiedthe thermodynamicsof the Bethe ansatzsystem
(2.6) labelled by an arbitrary non-twisted affine Lie algebra X~1~and the three
integerparameters1, s, p satisfying(2.4). The resultsare relevant to the critical
level-l X~1~restrictedsolid-on-solid (RSOS) model with type sw,, fusion whose
basic featuresare roughly sketchedin remark 2.5. Besidesthe known examples
[8—10],suchRSOSmodelsareyet to be constructed.Our main resultin the list of
the centralcharges(3.9) and(3.10) in two critical regimes.They arecomparedwith
the severalknown valuesin subsect.3.2 with perfectagreement.For the simply-
laced algebrasX~= A~,D~ and E~’2,

8,theseresults reproducethose in refs.

[6,71.
As a calculational device, we have found it especiallyclarifying to use the

tableauxthat visualize the domain G = ((a, m) Ii ~ a ~ r, I ~ m ~ t,,l — 1) corre-
spondingto the summation a.m01~(f,~,”~With their aid, onecaneasily observe
how the centralchargesbecomevariouscombinationsof the WZW values(— rank)
‘(X~, I’) (3.8) for severalsubalgebrasandlevels~ 1’).

In the courseof the derivation,we havemadethreecrucial assumptions.The
first one is the hypothesis(2.7) on the solution of the Bethe equation(2.6) in the
thermodynamiclimit. The secondone is the form (2.19) of the thermal energy,

which is anaturalextensionof theonein ref. [71 for ~ As the third one,we have
formulateda generalizedconjecture(A.1) on the Rogersdilogarithmicfunctionfor
an arbitrarypair (X~’~,1). For the simply-lacedcases~ = ~ D~’~and E~’~8,it
coincideswith the earlier one [12]. Besidesbeing an indispensabletool in the
central chargecalculation, it appearsto be of intrinsic mathematicalinterest. In
the appendix,we havealso raiseda few resultsand conjectures(A.1O)—(A.14) on
the explicit form of the important entry ~ (A.lc, c’) of the dilogarithmic

function. They aremoreconvenientlypresentedby passingto the quantityQ~as
in (A.7). Then the Q~,which may be viewedas a “yangian character”,hasbeen
shown to appearin the high-temperatureasymptoticsof the entropy (2.30). The

conjecture(Al) is indeedvalid for X~= A
1~~[121.(Seenote added.)

4.2. FURTHEREXTENTIONS

Let us discusspossiblegeneralizationsof the analysisin the presentpaper.
The first naturaldirectionwould be to study the Bethe ansatzsystemsrelated

with the twisted affine Lie algebrasX~= ~ ~ D~
1,~ D~

3~and the
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associatedRSOS models.In ref. [11], such modelshavebeenactuallyconstructed
for ~ and~ ~. An intriguing featurethereinis, the level-l A~~1RSOSmodel
[11] turns outto bethe level—rankduality partnerof the level-r C~RSOSmodel

in ref. [9]. As observedfor the dualitypair (A~1,1, sw~,,e) ~ (A~1,r, pw~,—E)
[7,34], it may be interesting to study how the two apparentlydifferent Bethe
equationslead to the sameresultfor (A~_1,I) ~ (Cr, r).

The second possibility is to consider the Bethe equations related to the
“non-unitary RSOS”models.Roughlyspeaking,they correspondto thespecializa-
tion q = exp[2lTit/(/ +g)] with t> 1 being an integercoprimewith 1 +g. In ref.

[37], possibleuniversalityclassesof such~ RSOSmodelshavebeenproposedin
terms of the non-unitary cosetmodels. In particular, their central chargesare
combinationsof the WZW values at fractional levels. Thus, onemight hope that
the analysisof the correspondingBethe equationsmay lead to a further general-
ization of the conjectureddilogarithm identity (A.1).

As the third direction of possible extentions,one may analyze the Bethe
equation(2.6) with sw1, replacedby s1w1+ ... +SrWr, wheres,, is anintegerin the
range0 ~

5a ~ — 1. It would correspondto consideringthe more generaltype of
fusion RSOSmodels.In fact, suchexampleshavebeenbuilt in ref. [8] for the ~
case.To avoid a technical difficulty, let us exclusively considerthe situation that
for all non-zero 5a the (inversesquare)root length ~a are equal. Then, leaving
severaljustifications aside,one can proceedin a fairly parallelway as in sects.2
and 3. In particular, the formula (2.26), the g~(cc)(3.2) and the equation(3.6)

formally remainunchanged.The crucial changeis the left-hand side of (3.4) into

It governs the structureof the “hatched region” G~hence g~(—cc) and
ultimately the centralchargec (2.26).Onecanroughlyseehow (3.4) changesso by
tracing the following chain; the completion number(2.5); Na = N L, = ~(C—1) ~,

the left-hand side of (2.8a); 4,,~(u,s,,/t,,), the left-hand side of (2.17); 6~,’/
2Ch(X/ta), the thermal energy (2.19); ~‘ = ~ dx

the left-handsideof (2.22a);Eta6s ,‘/4ch(t,,iru/2), the left-hand
side of (3.1); ~Eta6s,,,’e ±tdTr’a/2 Noting the assumptionthat the ta are all equalfor
non-zeros,,, we are led to modify the left-hand side of (3.4) into 6,,’. Let G~”~
denotethe G,, specifiedin (3.5).(We warnthe readeragainstthe confusionof this
with the G(s, p) definedin (3.5c).)Determinethe newG~from the modified (3.4)

by the samerule h~>0 ~ (a, m) E G,, as before. Thenthe result simply reads

= ~ (4.1)

Namely, the “hatchedregion” in the generalizedsituations
1w1+ ... +s,.w,. is just

the union of “fundamentalcases” s1,w1,. Seefigs. 3a, b for the examples.Having
known the “hatchedregion”, one can easily find the solution of (3.6) in termsof
the f,~for some(X~t),1). The rest of the calculation is straightforwardand we
shall presentthe final result.
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H (b)H 1 :~~
Fig. 3. (a) The set0 and G~(hatched) for ~ / = 5, 1 ~ s

2, s5 ~ 9, s,= 0 for i ~ 2,5. The three
non-hatchedregionsrespectivelycorrespondto (X~Y~,/‘)= (At, 10), (At, 10) and(C~~’

1,5) from left to
right. (b) The sets G andG~(hatched)for CIi>, I = 5, {si, ~2 s

6)={0, 0, 0, 0, 2, 7) (moduloorder),
s7 = 0. The three non-hatchedregions respectivelycorrespondto (X~Y~,1’) = (Ci~),1), (C1,~,2) and

(C~,1) from top to bottom.

Regimec = + 1. Using the notationsin (3.9a),we have

c =S”(X~
1~,1) — ~ ‘(x~1~,1’),

X ~. E

/‘/l = min{t,, I a e~r(X,)}. (4.2)

Here,for s = (s
1,..., se), the symbol ~ standsfor the set of subalgebrasX~of Xr

whose~(X~) areobtainedby removingthe ath nodefrom the ~/r(Xr) for all the
a’s such that s,, > 0. The formula (3.9a)correspondsto the choices,, = s61,,,.

RegimeE = —1. The central chargesare easilyobtainablefrom (4.1). However,
the presentationof the generalresult will require tedious notationsto count the
overlappingof the hatchedregions,which we find not necessarilyessential.Here
we shall only providethe result for the case5a/ta E ~ for all 1 ~ a~ r. Givensuch

5a/ta’S, definethe strictly increasingsequenceof integers0 = k0 < 1 ~ k1 < ...

k~<k~±1=1 for some 1 ~<m~r by sayingthat k1(1 ~<i~<m) is the ith smallest
non-zero integer in the set {Sa/ta Ii ~ a ~ r}. Setting k~1= k1 — k1, the central
chargeis given by

c =~(X~’~,k10)+ ... +~(X~’~, k~+1~) —S~(X~

1~, I) + rnr, (4.3)

which correspondsto the cosetpair

X~Pe •.. ~ c (4.4)

level k
111 ... k~±11,,1.

The formula (3.lOa) correspondsto the choice ~a = so1,,,, s/ta E L Remarkably,

for X~
1~= ~ the abovecosetpair precisely realizesthe conjectureproposedin

ref. [38] (see also ref. [34]) based on computerexperimentson the one point
functions.

Finally, it shouldbe interestingto studythe scatteringtheoriesrelevantto the

off-critical RSOS models.See e.g. refs. [39,40]for the recentdevelopmentin the
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thermodynamicBetheansatzapproachin this direction.We hopethat the general-
ity consideredin this paperwill carry over to such theories.

This work was motivated by an illuminating lecture on the thermodynamic
Bethe ansatzby V.V. Bazhanovat the weekly statistical mechanicsseminars
organizedby R.J.Baxter.The author expresseshis heartythanksto V.V. Bazhanov
for valuable advice,generoushelp and a critical readingof the manuscript.The
authoralso thanks M.T. Batchelorfor useful discussions,A.N. Kirillov for a kind
communication,K. Miki and T. Nakanishifor valuable comments.This work is
supportedby the Australian ResearchCouncil through the award of a Queen
ElizabethII ResearchFellowship.

Note added

Alter completing the manuscript,the authorwas informed from A.N. Kirillov

[41] that he hadnoticedthat eq.(7) of ref. [12]needsto be replacedby (A.1) of the
presentpaperfor non-simply-lacedalgebras.In addition, the author learnedthat
Kirillov now hasthe proof of (A.1) for X~= C~’~and ~

The Betheequation(2.6) is associatedwith the quantumgroupsin the senseof

ref. [1]. Someinterrelationsbetweena modified Betheequationand the quantum
group invariant spin chainhamiltonianhavebeennotedin ref. [42].

Appendix A. Conjecture on the Rogersdilogarithmic function identity for the pair
(x~.”,1)

Let X~t)be an arbitrarynon-twistedaffine Lie algebraandfix aninteger I ~ 1.
Denote the Cartanmatrix of the classicalpart Xr by ~ the dual Coxeter
numberby g anddefinethe integer ta = 1, 2 or 3 (1 ~ a ~ r) as in (2.2). For each
pair (X~,1) we propose

Conjecture1.

6 r t,,1i ldimX
~ L(f,~)= r —r, (A.la)

a=Im=1

1 x log(1—y) logy

y + 1_~)d~. (A.lb)
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The entry0 ~ < 1 in (A.la) is the solution of the simultaneousequations

t,11

~ C~”a’~’~log f(a) = ~, ~ log(l —ft~/t,)
m=1 b=1

tb/I,,—!

n=1 n log((1 —fI~_I)/l,+,’)(1

(A.lc)

for 1 ‘~ a ~ r, 1 ~<j~ tal — 1, where,by convention,f,~= 0 if m ~ ~and ~zç~’
= 0 on the right-handside when ta ~ th.

As mentionedin sect. 1, (Al) coincideswith the original conjectureby Kirillov
[12] if X~1~= ~ D~and E~1~

8,whereone hasVt,, = 1, hence(A.lc) reducesto

an especiallysimpleform,

E C~’~’~log f,~= ~ C~ log(1 —fJ~). (A.ld)
,n=1 b=1

So far, the proofhasbeenobtainedfor X~’~= ~ in ref. [12].(Seenote added.)In
addition, the case1 = 1 canbeverified easily for an arbitraryX~’~by reducingit to
~ for some r’ by meansof (3.8) and (3.12). We remark that (A.lc) has arisen

from the Betheansatzcalculationin sects.2 and 3 and in fact is equivalentto

t,,l—1 r

~ K~
m(O)log f(a) ~ ~ ..i~(0)log(1 _f~h)), (A.lc’)

m=1 b=1 k=1

where the functions I~’j’~(x)and .f~(x)are definedby (2.11) and (2.18), respec-
tively. Our mainpurposehereis to characterizethe quantityf,~in terms of the
q-dimensionof the Xr modulesat q = exp(2~i/(l+ g)). The descriptionis partly
basedon the finite-dimensionalrepresentationtheoryof yangians[20]. As for the
dilogarithmicfunctions,we refer to ref. [15].

Al. QUANTITYf~’) FORTHE PAIR (X~°,1)

Hereafterwe shall write the Cartanmatrix of Xr simply as C and use the
notations(2.1) and (2.2) for the simple root a,,, the fundamentalweight oi~ and
the integer t,,(l ~ a ~ r).
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Consider the following recursion relation for the infinitely many variables

{Q~I1~a~r,m>~—1):

Q(a)2
= (a) (a)

rn rn+I rn—I

-cab-’
+ U Il Q~h~rn...J)/Ch] for ~ m~0, (A.2a)

h±a,C,,
6+O

Q~=1, Q~=0 for 1 ~a ~<r, (A.2b)

where the symbol [x] standsfor the greatestintegernot exceedingx. A remark-
able solution to this equationis known in termsof the characterof the finite-di-
mensionalXr modules[20],

Q~=EZ(a, m, 1l)X(Warn(fl)), n=(ni,...,nr)EZ®>~, (A.3a)

Warn(fl) = mwa— nbab, (A.3b)
b= I

r ‘a 51,(b)f ~+ (h)

Z(a, m, n) = E 1—I 1—I k (b) (A.3c)
~ b=l k=i

gnj~b)(v) = min(m, k)Oah — 2 ~ min(k, j)i’~

+ ~ min( —kCCb, iCbc)PI~, (A.3d)
c=, j~t
c�h

wherein(A.3c), the symbol ( ) meansthe binomial coefficientandthe sumextends
over all possibledecompositions(v~ I n/i = = ,ki4”~,~ E ~ >~, 1 ~ b ~ r, k ~‘

1} such that S”,~”
1(~)~ 0 for all 1 ~ b ~ r and k ~‘ 1. The quantityx(o) in (A.3a)

denotesthe characterof the irreducible X,. module V(w) with highestweight o

and thereforethe aboveQ~,1is a (Laurent)polynomial solution with r variables.
As arguedin ref. [20], onemay considerthat thereunderliesthe yangian,~((Xr)D
X~and its finite-dimensionalmoduleW(a, m) that decomposesas

W(a, m) = E~~Z(a,m, fl)V(~arn(fl)) = V(mwa) e ..., (A.4)

as a Xr module, hence the Q~)correspondsto its character.Here, the latter
equalitymeansthat the W(a, m) containsthe irreducibleXr module V(mw,,) as a
“top term” with multiplicity one. The explicit form of Q~)is available in (A.9)—
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(A.14) for all the classicalseriesX,. = Ar, Br, Cr and Dr as well as some results
andconjectureson exceptionalLie algebras.

Next introduce the integer I ~ 1 and specializethe characterx(w) into the
q-dimensionas

q(~F’a+P)/
2 _q_(aka+P)/2 2~ñ

x(w) = ~ — q(~IP)/2 , q = exp(~), (A.5)

where ~ denotesthe set of positiveroots of Xr~t = ~ and g is thedual
Coxeternumber.Thenwe have

Conjecture 2. Under the above specialization(A.5), the Q~in (A.3) has the
properties

Q~)= Q~i-rn for 0 ~ m ~ t,,1 (A.6a)

ti
Q~<Q~, for O~m’~-~- —1, (A.6b)

for all 1 ~ a ~ r.

Supportedby numericaltests,we hereafterassumethis. From (A.2b) Q~= 1,

therefore conjecture 2 implies Q~~ 1 for all 1 ~ a ~ r, 0 ~ m ~ tal. Now the
solution f,~to the equation(A.lc) is given as follows:

Q(a) (a)
rn+I rn—If~= 1 — Q~)2 , 1 ~ a ~cr, 1 ~ m ~ tal — 1, (A.7)

where the Q~meansthe one under the specialization(A.5). Admitting (A.6),
each term in the recursion relation (A.2a) is strictly positive for 1 ~ m ~ tal — 1,
hencewe have0 <f,~< 1 indeedfor thesem’s. Finally (A.lc) canbe provedjust
by combining(A.2) and(A.7).

Remark.Onecanshow Q~”1+I= 0 by using(A.2a) with m = t,,/ and Q~?= Q~
= 1 from (A.6a). Thus the f,~in (A.7) naturally extendsto the range0 ~ m ~ tal

as f~=f~= 1. Noting that L(1) = ir2/6, the conjecture(Ala) can also be
written as

6 r t,,/ ldimX
~ L(f~) = r (A.8)

a=i m=i ~ g
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A.2. EXPLICIT FORM OF Q~

It is possibleto write down the explicit form of the ~ (m~ 0) for the classical
seriesXr = Ar, Br, C~and Dr (cf. ref. [20]),

Xr=Ar;

Q~=x(mw,,), 1 ~a ~r, (A.9a)

Xr = Cr;

~ +k2w2+ ... +k~)~), (A.9b)

“ x(mw~), a =r,

Xr=Br and Dr;

Q~= ~X(ka00)a~ + ka,j±2Wa~+2+ ... +kaWa), I ~ a ~ r’, (A.9c)

(r forB
f Dr a0—amod2, a0=Oorl, (A.9d)

Q~,)=x(mwa), a = r —1, r only for Dr, (A.9e)

whereby conventionw0 = 0.
The sumin (A.9b) is takenovernon-negativeintegersk,, k2,. . ., ka that satisfy

k, + k2 + ... +ka ~ m, k~ m61,, mod 2 for all 1 ~<j~ a. The sum in (A.9c)
extends over non-negative integers ka, k,,~2,... , ka obeying the constraint
t,,(k,,()+ k,,(±2+ ... +k,,2) + ka = m.

For the exceptionalalgebrasXr = E678, F4 and G2, an explicit formula like
(A.9) is not known so far in general.Here we presentsome conjecturesand the
resultsfor a few simple cases.They serve as the “initial condition” that allows one
to uniquely determineall the Q~by the recursion relation (A.2a). Practically,
usingthe recursionrelation is much simpler than the direct calculationof (A.3) in
order to obtain the Q~andthe f,~numerically, henceto checkthe dilogarithm
identity (A.la).

Xr = E6 (Conjecture except for small valuesof m);

(A.lOa)

= ~X(Jw2 + (m —j)w5), (A.lOb)
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= ~ (j~+ 1)(min(m—j, - 2j~~ —j4, 1~)+ 1)

xX(j,(wi +w5) +j2(w2 + o~)+j3w3 +j4w6), (A.lOc)

Q~=Ex(i’°o), (A.lOd)

where the sum in (A.lOc) is takenover non-negativeintegers j,,. . . , j~under the
condition j, + 212 +J3 +J4 ~ m. The other Q~are obtainedfrom ~ by the
replacementWa Wba (1 ~ a ~ 5), which is consistentwith the order-2 symme-
try of the Dynkin diagram.Theconjecture(A.lOc) havebeencheckedfor 1 ~ m s~5.

Xr = E7 (Conjectureexceptfor smallvaluesof m);

Q~=~x(1w,), (A.Ila)

Q~= E X(j,Wi+12W5), (A.llb)
li J2~’°

Ji +j2~1n

Q~=x(mw1), (A.lIc)

Q~=Lx((m-1)wo+1W7). (A.Ild)
I= 0

In addition, the following forms are derivable from (A.3):

Q~
21=1 +2x(w,) +x(w

2) +~(w5), (A.lle)

Q~
3~=2+4x(wi)+3x(w

2) +x(
2w

6) +x(w3)

+x(
2w,) +4X(a

5) +x(w, +w5) +
2x(W

6+w7), (A.llf)

Q~
4~=x(W

4)+
2x(w

6) +
2x(w

7) +x(w1 +O)~). (A.llg)

For E8, we regard(A.2a) as an evolution equationwith respectto the a-index.
Thenthe following information is sufficient as the initial condition:

Xr = E8 (Conjecture exceptfor small valuesof m);

Q~Y=Ex(jwi), (A.l2a)

E x(i,w, +j2w7). (A.12b)
ii’ J2>O
ii +J2~~
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The consistencyof theserelationshas been numericallycheckedfor the levels
2 ~ 1 ~ 19. For F4, we haveonly derivedthe initial condition

Xr = F4

Q~’
1= 1 +x(W

1), (A.13a)

Q(j
2)= 1 + 2x(w,) +x(w

2) +x(
2w

4), (A.13b)

QY~=x(w3) +x(w4), (A.13c)

Q~j
4)=x(w

4), (A.13d)

Finally, for G2 we have

Xr = G2 (Conjectureexceptfor smallvaluesof m);

Q~Y=~x(1w1), (A.14a)

in addition to a few resultson Q~

(A.14b)

Q~=x(w~)+x(
2w

2), (A.14c)

= 1 +
2x(w

1) +~(2w2)+x(
3w

2), (A.14d)

Q~=x(w2)+x(
2w

2) +x(
3w

2) +x(
4w

2) +
2x(w, +w

2). (A.14e)

Throughoutthe formulas (A.9)—(A.14), Q~,)contains the term x(mw,,)with the
coefficient 1 in agreementwith (A.4).
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