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Prototype examples
Totally asymmetric simple exclusion process (TASEP) <«— today
Totally asymmetric zero range process (TAZRP) < Tuesday -- Friday

Key feature

Hidden 3D structure in the matrix product related to

the tetrahedron equation (= 3D generalization of the Yang-Baxter equation)
which becomes manifest in multispecies versions of TASEP and TAZRP.
(K-Maruyama-Okado, 2015, 2016)



Totally Asymmetric Simple Exclusion Process (TASEP)

1D periodic chain with L sites
o; €{0,1,...,n} (n-TASEP)

Stochastic dynamics

oL T
g1 ... o0 Ak (JI:JEJrl) — (JF:'J‘;Jrl)

(,3) = (B.a) ifaa>p
Master equation

d
—|P)=HIP), |P)= Y P(o1,....01)lo1,...,00) € (CTH)*E
{oi}
jit1
H:Z hiiv1, hiit1=1®---®1® h ®1®---®1
i€z
B, a)y — |a, B a > [3),
oy < B —led) (a>9)
0 (a < B).



Sectors and Steady states

Sectors labeled by multiplicities m = (mg, ..., m,) € ZTLl:

S(m)={o = (01,...,00) € {0,...,n}" | #k(o) = mk}.

|P(m)) = Z ]%D(crl,...,a;_)bl,...,cr;_)

Y
\ Stationary probability

|P(1,1,1)) = 2|012) + 021) + |102) + 2|120) + 2|201) + |210),
|P(2,1,1)) = 3|0012) + |0021) + 2|0102) + 3|0120) + 2|0201) + |0210)
+1002) + 2/1020) + 3|1200) + 3|2001) + 2|2010) + |2100),
|P(1,2,1)) = 2|0112) + [0121) + [0211) + [1012) + |1021) + [1102)
4+ 2|1120) + 2|1201) + |1210) + 2|2011) + |2101) + |2110).

Steady states are non-trivial for n > 2.



Preceding results on stationary probability of n-TASEP

Combinatorial algorithm: Ferrari-Martin (2007)
Matrix product formula: Evans-Ferrari-Mallick (2009), . ..

What is a matrix product formula ?

Stationary probability

P(Jl,...,rj[_) Zr]:\I‘()'(U1 ---XGL)
P

- |
Trace over the auxiliary space /

Each X, is an operator acting on some auxiliary space

J




Preceding results on stationary probability of n-TASEP

Combinatorial algorithm: Ferrari-Martin (2007)
Matrix product formula: Evans-Ferrari-Mallick (2009), . ..

What is a matrix product formula ?

Stationary probability

P(Jl,...,J[_) ZTI‘(XUI---XUL)
P

- |
Trace over the auxiliary space /

Each X, is an operator acting on some auxiliary space

J

Our case:
Auxiliary space = p®n(n=1)/2 . F = Fock space of g-boson at q=0

X5, = Piece of a layer transfer matrix of 3D lattice model
satisfying the tetrahedron equation



Matrix product formula for stationary probability

]P(ﬂ') — TI‘F@n[n—l},!E (Xﬂ'l e XD','_)

\.

\

)

Ferrari-Martin algorithm }

Zamolodchikov-Faddeev algebra
AXRX)=XRX-X®X

T /Factorization of R matrix

/" Bilinear identity among N ab by % ___"f>I<aL)
Layer transfer matrices of R(z)ij" = " 2 | '
3D lattice model Tr( : ) 2
zZ .
x“y"T(x)T(y) = (x & y) n

[ [Tetrahedron equation




Ferrari-Martin algorithm

Sector S(m) with multiplicity m = (myq, ..., m,) with Ym; > 0.

S =My _j1+--+my_1+m, 0<s <---<s, <L,
BS :={b=(by,....b) € {0, 1} | by +---+ b =5}

e.g. B' ={100,010,001}, B* = {110,101.011} for L = 3.
B(m)=B"®---® B™.

Ferrari-Martin gave a combinatorial construction of the surjective map

7 : B(m) — S(m) such that P(o) = # (7 '(o)).

Example. n=3, m=(2,1,2,2), bj®by®b3 € B(m)=B?® B*® B>

L=7
B> > by = o oo |ofe
B*>by= |e|e ° °
B?> by = o| |o b; = (0010100), etc.
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Ferrari-Martin algorithm

Sector S(m) with multiplicity m = (mg, ..., m,) with Ym; > 0.

T

B® =

Mp_jy1 + -+ Mp_1 + My,

O<s <---<s, <L,
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Ferrari-Martin algorithm

Sector S(m) with multiplicity m = (mg, ..., m,) with Ym; > 0.

Sii=Mp_j1+--+my_1+m, 0<s5 <--- <5, <L,
B :={b=(by....,b) € {0.1}" | by +--- + by = s},

e.g. B' ={100,010,001}, B*= {110.101,011} for L = 3,
B(m)=B"®---® B*".

Ferrari-Martin gave a combinatorial construction of the surjective map

m:B(m) = S(m) such that P(o) = # (7 (o).

Example. n=3, m=(2,1,2,2), bj@b,@b3 € B(m)=B?® B*® B>
L=7
0313022 =mx(b;y®bz®b3)eS(m)

5 ;
cow L L IO

B2 > by -I b; = (0010100), etc.




The Ferrari-Martin algorithm is a composition of the map
R:B°® B"— B"® B®
i®j] — b®a

which is identified(!) with the Combinatorial R of Ug4(s/})

Example. B* ® B° B ® B*
1100100100 ® 0010111110+ 1110110100 ® 0000101110
i j b a
J=[1Te[ [e[e][e[e]e] ] :::L_III'I [oloiofoiel | [ []]ef [e[e[e] =
| |

I =[o[e [ [of | [o | | (O[® | [® | [® | | (o[o[e] [o]e] |o |




The Ferrari-Martin algorithm is a composition of the map
R:B°® B"— B"® B®
i®j] — b®a

which is identified(!) with the Combinatorial R of Ug4(s/})

Example. B* ® B° B ® B*
1100100100 ® 0010111110 + 1110110100 ® 0000101110
i j b a
J=[1Te[ [e[e][e[e]e] ] Ll (o [e/eeee | | [ | e e/eje] |=a
. e L —===
I=[e[e | [o | [o | | (o[® | [o | [ | | [e[e[e] [e[e] [o] [ |=Db

The combinatorial R admits a matrix product formula having a 3D structure

BBQ stick with X shape sausages



a b N\

f>‘]< = 3D L-operator acting on the Fock space (blue arrow)
a F = ®,C|m)

_ J /
. (Lff) = 3D L-operator at g = 0.
b
L?&b = | —T—v a € End(F) (g = 0)-boson valued 5vertex
J
0 1 1 0 1
ot0 11 1o ot ot
0 1 1
1 at’ a

¢ (g = 0)-boson acts on F =P, C|m) as

at|m)=|m+1), a"|m)=(1—=3dmo)lm—1), k|m)=dmo|m)

This is a consequence of the tetrahedron equation satisfied by 3D L-operator.



Ferrari-Martin map «

dS

Corner transfer matrix

m(by®by®b3) =03 130 2 2

?

=

ot

0




Ferrari-Martin map m as  Corner transfer matrix

m(by®by®b3) =03 130 2 2

by — o(oo| |0 e
b, =..le|é a ° -I_
bl p— - ‘
Elementary relabeling of n-TASEP o by " E(rg] g f [1) f g 3 g
. 1
pk(o) € B%* (k =1, ..., n) defined as ore) | 0101011
p3(0) | 0111011




Ferrari-Martin map m as  Corner transfer matrix

m(by®by®b3) =03 130 2 2

b3 = [Telele] [aleh b, 4t 0101000
by =--te ¢ s dl il b, 0101011
b = 2 0

bs — 0111011

o 0313022

Elementary relabeling of n-TASEP o by 21(@) | 0101000

pk(o) € B%* (k =1, ..., n) defined as ore) | 0101011
pa(o) | 0111011




Ferrari-Martin map «

as Corner transfer matrix

m(b1®by®b3) =03 130 2 2 1
bz = o[eTe] [oleh b, 0101000
by =--te ¢ s dl il b, 0101011
b = 2 0
by 0111011
o 0313022

Elementary relabeling of n-TASEP o by
k(o) € B* (k =1,...,n) defined as

P(o) = Z

b1 ®bs®bs EB(H‘I)

o1(c) | 0101000
()| 0101011
e3(e) | 0111011

(n = 3 case)




To each vertex, substitute the BBQ stick formula.

Result : P(o) = Trees (Xoy -+ Xo, ) (n = 3 case)

where X;'s are CTMs of the 5V-model with the boundary conditions:

F 1 F 1 + F 3 3 + F 3 F 9 + F 3 F 1 +
Xo=Y" . 0 X1=Y" . 0 Xo=Y" 1 0 Xz3=Y" 1 1
—0 -1 -1 —1
Example.
I + L A + S + | ! + I +
Xo = + + + -
— 1_@31@1 + a+_®-1®1 + késﬁ@l +a_<'g<}a+®a++ 1c§;~a+@a+
1 F ] + F f + ' 3 F ) +
X1 = + + [ ‘
1

— k®k®l + a-®k®at+ l1®k®at



Theorem (Matrix product formula for stationary prob. of n-TASEP)

IED(CT) - rPrFl:gn(n—l],fE (Xa']_ "t XO'L)
Xoy ..., X, are CTMs of (g = 0)-boson valued 5 vertex model:

ji. JL A liijl JL +
0

0 _
X=Y - Uy/n_f & End(F@n(n-1)/2)

1

1"
1 A




Theorem (Matrix product formula for stationary prob. of n-TASEP)

IED(O') - rI}.'Fl:EJn(n—l]fE (Xa']_ "t XO'L)
Xoy ..., X, are CTMs of (g = 0)-boson valued 5 vertex model:

ji. JL A liijl JL +
0

0 _
X=Y - Uy/n_f & End(F@n(n-1)/2)

1

1"
1 A

@ X; = Layer transfer matrix with | shape
e P(o) = Partition function of a 3D system with prism shape




Theorem (Matrix product formula for stationary prob. of n-TASEP)

P(Cr) - I}F®n(n—1]f2 (Xa']_ "t XO'L)
Xoy ..., X, are CTMs of (g = 0)-boson valued 5 vertex model:

A JL A oo d A +
0

0 _
X=Y - Uy/n_f & End(F@n(n-1)/2)

1

1"
1 A

@ X; = Layer transfer matrix with | shape
e P(o) = Partition function of a 3D system with prism shape

initial setup

cross channel (we are herel)

Physical space 2y ring

Internal degree | {0,...,n}

sizen |/
Uq(;"L) at g =20




Matrix product formula for stationary probability

]P(ﬂ') — TI‘F@n[n—l},!E (Xﬂ'l e XD','_)

\.

\
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Ferrari-Martin algorithm }

Zamolodchikov-Faddeev algebra
AXRX)=XRX-X®X

T /Factorization of R matrix

/" Bilinear identity among N ab by % ___"f>I<aL)
Layer transfer matrices of R(z)ij" = " 2 | '
3D lattice model Tr( : ) 2
zZ .
x“y"T(x)T(y) = (x & y) n

[ [Tetrahedron equation




n-TASEP Markov matrix H consists of local (pairwise) term h:

H=hR1R¥®1QX---+10hR1RQ+---

Suppose the operators X = (Xa)o<a<ns X = ()?a)gi;agn

satisfy the “hat relation” [h(X RX)=X® X — X R X }

Then the stationary states under the periodic B.C. is constructed
as Tr(X X .... X) due to the cancellation mechanism:

HTr(XX---X) = Tr ((X)‘Z — XX)XX - -x)
4Ty (X(X)? ~XX)X - x)

+Tr(XX(X)?—)?X)---X)+---:0



AXRX)=X@X-X®X
is the infinitesimal version of Zamolodchikov-Faddeev (ZF) algebra
5(x/y) (X(x) ® X(y)) = X(y) ® X(x)
with spectral parameters x, y via the correspondence

h=S'(1), X=X(@1), X=X().



AXRX)=X@X-X®X
is the infinitesimal version of Zamolodchikov-Faddeev (ZF) algebra
5(x/y) (X(x) ® X(y)) = X(y) ® X(x)
with spectral parameters x, y via the correspondence
h=S'(1), X=X(@1), X=X().

In our n-TASEP, X(z) =(X,(z),...,X,(z)) and the ZF relation are given by

a1 a2 Qn
REEEER
0

0
Xi(z) =2z - gy/n—f

X)X () =y XX () (> ), XG0 X 01 =Xy ), X ()] (Vi ).




Strategy of the proof

4 N

ZF relation ... Highly non-local relation

iXs(y)%(X)zyXf(X))‘fj(y) (i >J),  [Xi(x), Xi(y)]=[Xi(y), Xj(x)] (‘U’LJ')-/

qg—0

Bilinear relations of
layer transfer matrices

/

Tetrahedron equation
(Single local relation)



g-Melting : 5 vertex — 6 vertex & [7— [

mtroduce the 3D L—Operator L(z) involving q,z by \
o—[—»o 1{—»1 1{—0 0—1—»1 0—[—»0 1{—»1
1 1 z~ a"‘ za~ k qk
n

a",a ,k are g-boson operators on the Fock space F = @, -, C|m)

Latlm) =|m+1), a7lm)=(1-M|m-1), Kim)=(-q)"|m)

Define T(z)? € End(F®™) by

A A

J n =3 Example

7%%4’ ai a=(a1...,an), J=01,---,Jn)
T(Z)Jf" = Z 7%%"’* as All vertices are £(z)
_'7%%% as Sum over all edge spins except a,

jl jg j3
Layer transfer matrix with SE-fixed/NW-free boundary condition



Prop. Bilinear relations of the layer-to-layer transfer matrices

lea|+|ﬁ|yla|+|!{_3| T(X)..,(Il,....,ﬂr,..T(y)..,ﬁrlj....,(ztr,.. — (x N y).

":Bla---':ﬁ-'i:-- ..,51,....“85,..

@ Sum over a = (aa,...,a,) € {0,1}", B=(B1,...,0s) € {0,1}°.
@ 0<r<n, 0<s<n are arbitrary, a;=1—-q;, |a|=a; + -+ a,, etc.

@ Arrays “...." are arbitrary, but to be taken common for T(x) and T(y).



Prop. Bilinear relations of the layer-to-layer transfer matrices

lea|+|ﬁ|yla|+|!{_3| T(X)..,(Il,....,ﬂirj..T(y)..,&lj....,(__lr,.. — (x N y).

":Bla---':ﬁ-'i:-- --:Bl:----:ﬁs:--

@ Sum over a = (aa,...,a,) € {0,1}", B=(B1,...,0s) € {0,1}°.
@ 0<r<n, 0<s<n are arbitrary, a;=1—-q;, |a|=a; + -+ a,, etc.

@ Arrays “...." are arbitrary, but to be taken common for T(x) and T(y).

Example.

(1) r=s=0:T(x);{ T(y)i = T(y); T(x);' --- Commutativity
(2) r=s=1: Y T(x)g T(y)y +xvT ()T T(y)g!

+xyT(x)g T) T +X2T) T T(y)e = (x ).



Prop. Bilinear relations of the layer-to-layer transfer matrices

lea|+|ﬁ|yla|+|!{_3| T(X)..,(Il,....,ﬂirj..T(y)..,&lj....,(__lr,.. — (x N y).

":Bla---':ﬁ-'i:-- --:Bl:----:ﬁs:--

@ Sum over a = (aa,...,a,) € {0,1}", B=(B1,...,0s) € {0,1}°.
@ 0<r<n, 0<s<n are arbitrary, a;=1—-q;, |a|=a; + -+ a,, etc.

@ Arrays “...." are arbitrary, but to be taken common for T(x) and T(y).

Example.

(1) r=s=0:T(x);{ T(y)i = T(y); T(x);' --- Commutativity
(2) r=s=1: Y T(x)g T(y)y +xvT ()T T(y)g!

+xyT(x)g T) T +X2T) T T(y)e = (x ).

Fact: ZF relations are included(!) in (1) & (2) at g = 0. )




Final task: Proof of the bilinear relations for T(z)?

J
Introduce a variant of the 3D L-operator: M(z) := L(z)|q——q-

Theorem (L(z) and M(z) satisfy the tetrahedron equation)

M5 )126 M(u)346L£(x)135L(y )245 = L(y )245L(x)135M(11)386 M (" ) 126

-~/ 2.0 2
6
2 )
> =

X ;2%

3



Final task: Proof of the bilinear relations for T(Z)J?II

Introduce a variant of the 3D L-operator: M(z) := L(z)|q——q-

Theorem (L(z) and M(z) satisfy the tetrahedron equation)

M5 )126 M(u)346L£(x)135L(y )245 = L(y )245L(x)135M(11)386 M (" ) 126

6\/ 26 2

Background and relevant topics:
Factorized scattering theory in 2+1 dimension (Zamolodchikov 1980)
Intertwiner of Soibelman’s reps. of quantized coordinate ring (Kapranov-Voevodsky 1994)
Transition coefficients of the PBW bases (Sergeev 2008, K-Okado-Yamada 2013)
Quantum geometry interpretation (Bazhanov-Mangazeev-Sergeev 2008)



Repeated application of
the tetrahedron eq.

- (11
?:! ) a1 zl><_/ /
1 - ;

— 3
b.b’ ; o ke Ko < “— Um
' ) ’ a j ?:m / / - (1
’Bf _ . . YUm a k’mﬂ . X . m
| Om | “am,

] jl% .}ﬂ .}H
'm I
g g, I 7 yx

The bilinear relations are proved by evaluating this identity between
various left/right eigenvectors of M( * ) running along the green arrow.




Concluding remarks

A parallel story holds for
n-species Totally Asymmetric Zero Range Process (n-TAZRP)

TAZRP and TASEP are sister models corresponding to the quantum
R matrices that are factorizable to solutions of tetrahedron equations:

Tetrahedron eq. : 3D R operator 3D L operator
Yang-Baxter eq. : R matrix for R matrix for
symm. tensor rep. anti-symm. tensor rep.
Markov process: n-TAZRP n-TASEP
(K-Maruyama-Okado 2016) (today’s talk)

g-versions of these models are formulated by stochastic R matrices (Tuesday—Friday)



