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I shall talk about an extended Box and Ball
system, in which the number of balls in a box
are arbitrary. It could be over the capacity of
a box or negative number.

I explain how to express interactions of pos-
itive balls with negative ones by introducing
& operator.



Box and Ball system

Box and ball system was found by D. Takahashi
and J. Satsuma in 1990.
D.Takahashi and J.Satsuma, “A Soliton Cellular Automaton”, J.Phys.

Soc.Jpn.59(1990) 3514-3519.

We prepare a one-dimensional array of an in-
finite number of boxes,

and a finite number of balls.
0000000

Each box can contain only one ball.
A distribution of balls in the boxes is given at
t = 0.




The time evolution of the system from time ¢
tot+ 1 is given by:

1. Move every ball only once.

2. First, move the leftmost ball in the given
distribution to its nearest right empty box.

3. Next, move the leftmost ball which is not
moved yet of the new distribution to its
nearest right empty box.

4. Repeat the above procedure until all balls
are moved.



These balls behave like " Solitons” ;
A ‘“soliton” of length 1 moving with speed 1.
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A ‘“soliton” of length 2 moving with speed 2.
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A ‘“soliton” of length 3 moving with speed 3.
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of two ‘'solitons’.




These ‘solitons” behave like the well-known
solitons:

1. Each “soliton” moves with its own speed.

2. They preserved their identities after col-
liding with each other.

3. The system has an infite number of con-
served quantities.



In 1996, Tokihiro et al found that the Box and
Ball system is an ultradiscrete equation ob-
tained, through the coordinates and depen-
dent variable transformation,

from the discrete Lotka-Volterra equation

1 1 1, m+1
S =) = g —

T.Tokihiro,D. Takahashi,J.Matsukidaira and J.Satsuma,
“From Soliton Equations to Integrable Cellular Au-
tomata through a Limiting Procedure”,Phys. Rev.
Lett. 76 (1996) 3247-3250.



“Ultradiscretization” of equations is realized
by transforming discrete equations into the
equations described by

the max-plus algebra

through a limiting procedure.

For this purpose we use the following limiting
procedure:
1) Max operation:

Iimoe log (exp(é) + exp(%) + exp(%))

E—>
= max(X,Y, 2),
where max(X,Y, Z) gives the maximum value
of XY ,Z.

2) Plus operation:

€E—

=X+Y + Z

”T_OEIOQ (exp(%) exp(%) exp(%))



Tokihiro et al have used the following series
of transformations.

They start with the discrete Lotka-Volterra
equation,

1~ Un  Upaq,

which is written as

up T 14 dup

ulm - 1+ 5uzz_|__|_11.

Let ! = exp(U/l*/e),6 = exp(—1/e).

Then the equation is ultradiscretized,

Ut - U =

max(0, Uy 1 — 1) — max(0, U — 1)



By the coordinates transformation,

U = Vs
we obtain
m-+1 .
Vn—l—l o Vﬁn —

max(0, Vﬁ”"‘l — 1) —max(0,V,;h, — 1),
which is transformed into

SyEl — S =min(0,1 — Sty 4 + ST,

by the dependent variable transformation

Vit = Splq — S,



which is further transformed into

Bptt = min(1 - B, Yzt (B — BT,

by the dependent variable transformation

n
>, B

k=—00

The last equation of | B]'*| ,which is called
"BB equation’, describes

the Box and Ball system.

We note that the capacity of the box is unity
(6 = exp(—1/¢)).

Accordingly | B]*|, @ number of balles in a box
Is limited to be| O or 1|.




Is there any discrete equation which gives the
BB equation directly in the ultradiscrete limit
without any transformation of variables and
coordinates 7

7 — BB equation

We propose the following discrete equation,

1 1 1
m+1  ,m - 5(um|_1 N u?_I_ )
Up4+1 n

with the boundary condition,

lim u,)’ = 1.
[ —o0

We call it “BBB equation” (Back-ultradiscretized
BB equation).

BBB equation cannot be ultradiscretized in
the explicit form because of the difficulty of
""negative terms” in the equation.



We use a method described in the following
paper in order to overcome the difficulty.

Satoshi Tujimoto and Ryogo Hirota,
“Ultradiscrete KdV Equation’,
J. Phys.Soc.Jpn.67,(1998),1809-1810,

We rewrite BBB equation as

1
1 - 5“?+1unm-ﬂ_1 1= sulup
m-+1 T um ’
mn

un-I—l

which is expressed by

1 1
upiai = wpa (3)

introducing an auxiliary dependent varible 27,

1
2 = , 4
" 1 — gul Lyt (4)

We rewrite Eq.(4),



which is expressed using Eq.(3) by

1 1
=14 0u," w2,

Hence BBB equation is transformed into a
coupled equations of w)* and z*

( 1
2 =14 oull~ Lu ?12',,7,&” 15

which is ultradiscretized,

Zm = max(0,Um 1 +umt+zm | — 1),

(5)
U + 27 = Uit + 200, (6)
with the boundary condition U|"Qo| — Z|ZLO| = 0.

We show that Eq.(5) and Eq.(6) are trans-
formed into the BB equation by eliminating
the variable Z]*.



Subtracting U + ZI'* from EqQ.(5) and using
Eq.(6),we obtain

—Uy = max(=U}* — Z;, U~ — 1),
which is written as

U =min(1-U LU+ 2. (7)

On the other hand we have from Eq.(6),

Zi = 7t = Ut - U (8)

Adding Eq.(8) from k = —oco to n and using
the boundary condition Z™ = 0, we obtain
n—1
Z =Ura - U+ Y (U - U

n—
k=—o0

n—1
=-Uur+ S (Uurttoum. (9)

k=—00



Substituting Eq.(9) into Eq.(7) we obtain

n—1
Un =max(1-Urt Y (Ut - umy)
k=—oc0

(10)
which is the BB equation.
T hus we have obtained the BB equation with-

out a transformation of variables and coordi-
nates.



BBB equation

1 1 1
m—|-1 um — 5(un—|—1 - um+ )
Up+1 n

IS transformed into two types of bilinear equa-
tion,

T e T = QO AT =0, 3)
and

moLpmal s pmt g — (1= 8) fr g = 0, (i)

by the dependent variable transformation

m—+1
ungf‘ﬂtlfiﬂ . (11)

Note that Eqgs.(i) and (ii) are interchanged by
the transformation,

m < n and b — —0



BBB equation

1 1 1
m—l-l um — 5(un+1 - um+ )
Up+1 n

IS invariant under the transformations,

m <= n and §— =4, (a)

and
1

ub ——— and n—-—n (b).
oum

We show (b). Transforming u;! — < into
BBB equation we have
1 1

S(umttt —uph) = (

m
un+1 Un
which is written as

1 1
1
S(um Tt — ) = (—— —

n—1 Un
by transforming n — —n. Shifting n by 1 we
obtain BBB equation,
1 1 m—|—1)

WkFl um _-5(un+4-__u
Up41 n




Mapping of BBB equation under periodic
boundary condition.

We consider BBB equation

=1+ ™m0 (12)

m.m _ . m—1_m
Up Zp = Uy’ 1 Zne 1 (13)

under periodic boundary condition,
Upd N = Un» 24N = Zn
Let ap = 6u/1 U, 11 Then Eq.(12) reads

Zn —anzy,—1 =1, forn=0,1,2,---,N — 1,

where we put z]' = z, for short,

Equation(12) is expressed by a matrix form,



where
(1 0 O
—a1 1 O
A — O —ao 1
0 O O .
\ 0 O O
[ 20 )
Z1
Z=| 2 |, cCc=
ZN-2




Solutions to the linear equation are given by

N—-1 (k-1
1+Z Han—s 9
s=0
forn=0,1,2,---,N — 1,

where A =1 — 1N as.

Substituting z, into Eq.(13),we obtain an ex-
pression for u)®

T4 (Hi_é am )
1+ (=g e )

u

m __
n _un—l

, (14)

(a7 = su~ L™ 1), which gives an explicit
mapping of u)* under periodic boundary con-
ditions.



Mapping of ultradiscrete BBB equation
under periodic boundary condition.

Equation (14) is easily ultradiscretized,

Ut = U
k—1 k—1
N—-1 N—-1
+ max( Z A?—l—s) — max( Z A:zn—s)a
k=0 a—0 k=0 s—0

where A7 =yUm-14+yumt 1.

We remark that ultradiscrete BBB system is
equal to the Box and Ball system.

However we consider that the number of balls
in @ box in ultradiscrete BBB system is arbi-
trary.

It could be over the capacity of the box or a
nagative number.



u(o, n)

0.2 epo1, ql-1
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-O.ﬁ;
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Numerical solutions to BBB equation shows a hole is

not a stable entity. It is stable only in the ultradiscrete

limit, e = 0.



U0, n)

1; ep=0.01, ql=1
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- 1e
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-1t .




Time development of ultradiscrete BBB
system under periodic boundary condition

Initial state in an extended Box and Ball sys-

tem: " 3 balls” in a box.

{o0,0, 3,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0}

{0,0,-2,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,0}

{o0,0,0,-2,0,0,0,0,1,1,1,1,1,0,0,0,0,0,0}%}

{o0,0,0,0,-2,0,0,0,0,0,0,0,0,1,1,1,1,1,0}

{1,1,1,1,0,-2,0,0,0,0,0,0,0,0,0,0,0,0,1}

{90,0,0,0,1,3,-1,0,0,0,0,0,0,0,0,0,0,0,0}

{o0,0,0,0,0,-2,2,1,1,1,0,0,0,0,0,0,0,0,0}%}

{o0,0,0,0,0,0,-2,0,0,0,1,1,1,1,1,0,0,0,0}

{1,0,0,0,0,0,0,-2,0,0,0,0,0,0,0,1,1,1,1}



{0,1,1,1,1,1,0,0,-2,0,0,0,0,0,0,0,0,0,0}

{o0,0,0,0,0,0,1,1,3,-2,0,0,0,0,0,0,0,0,0}

{o0,0,0,0,0,0,0,0,-2,3,1,1,0,0,0,0,0,0,0}

{o0,0,0,0,0,0,0,0,0,-2,0,0,1,1,1,1,1,0,0}

{1,1,1,0,0,0,0,0,0,0,-2,0,0,0,0,0,0,1,1}

{0,0,0,1,1,1,1,1,0,0,0,-2,0,0,0,0,0,0,0}

{o0,0,0,0,0,0,0,0,1,1,1,2,-2,0,0,0,0,0,0}%}

{o0,0,0,0,0,0,0,0,0,0,0,-1,3,1,0,0,0,0,0}

{0,0,0,0,0,0,0,0,0,0,0,0,-2,0,1,1,1,1,1}



{1,1,1,1,1,0,0,0,0,0,0,0,0,-2,0,0,0,0,0}
{0,0,0,0,0,1,1,1,1,1,0,0,0,0,-2,0,0,0,0}
{o0,0,0,0,0,0,0,0,0,0,1,1,1,1,1,-2,0,0,0}
{o0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 3,0,0,0}
{1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,-2,1,1,1}
Numerical simulation shows that the funda-
mental interaction is that of a soliton of length

5 with a hole of depth 2. We show later the
interaction is expressed by 7(1,2),



N-soliton solution to BBB equation

We have the bilinear form of BBB equation,

frg frEt oo i — () T = 0.3)

n

2-soliton solution is expressed by

f(2) =14 exp(s1) + exp(sp)
+exp(s1 + s2 +c12),

where
sj = —(pn + ¢jm + aj),
1 0
qj = 1T for j = 1,2,
q; + 0
(g1 — q)?
c1

2= -
(q1q2 — 1)2



In general N-soliton is expressed by

(V)
(N) — ZGXD[Z pis; + Z ,uz,u]cz,]]
=1 1<

where the first Y means a summation over

all possible combinations of u; = 0,1, u> =
0,1,...,.uny=20,1, and ZZ(<J) means a summa-
tion over all possible pairs (4,7) chosen from

the set {1,2,3,..., N},with the condition that
1< 7.



N-soliton solution to ultradiscretized BBB
equation

Let the ultradiscrete form of f/* be 7/* and

s; = —(pin + ¢ym + a;),
p; = max(0,q; — 1) — max(g;, —1)
for:=1,2,

c12 = |q1 — q2| — g1 + 92/,

q; and a; for ¢+ = 1,2 are integers.

Then 2-soliton solution in the ultradiscrete
limit is expressed by
7(2,0) = max(0, s1, 82,51 + s2 + ¢c1.2),

We may express 7(2,0) as

7(2,0) = Maxy (151 + pos2 + pip2ct 2, ),

where Max, means a maximum element of a
set of all possible combinations under p; =
O, 1, Ho = O, 1.



In general ultradiscrete N-soliton solution is
expressed by

N (N)
7(N,0) = Maxu( ) pisi + > piticij,)
i=1 i<

where Max, means a maximum element of a
set of all possible combinations under p; =
0,1,up=0,1,...,uxy =0,1.



Hole solution to ultradiscrete BBB equa-
tion

Numerical solutions to BBB equation show
that “holes’” are not stable entities. They are
stable only in the ultradiscrete limit.

-functions of ultradiscrete 1-hole solution is
expressed by

7(0,1) = min(0, hq),
where
h1 =m —n—+ by,

where given parameter b7 Is integer.



N-hole solution

-function of ultradiscrete N-hole solution is
given by

N

7(0,N) = ) _ min(0, h;)
1=1
= min(0,v1,vp,...,UN

, V1 +vo,v1 +v3,...,V1 + VN

v1tuvo+ ... Fvyn)
N
— Mlnl/(z V’ihi7 )7
1=1
where

h, =m —n —4 b;, for. =1,2,---,N,

where Miny, means a minimum element of a
set of all combinations under
v1 =0,1,vp,=0,1,.---,v5y =0, 1.



M-soliton plus N-hole solution

In order to describe interaction of ultradis-
crete solitons with holes, we introduce a new
operator @ acting on special forms of s;(i =
1,2,---,M) and of h;j(j =1,2,---,N), defined
by

(M)

(Zsz_l' Z Czy)@(z hi)

1<J
M (M) N
= > si+ > c¢i+ > hp+2MN,

i=1 i<j k=1

for natural numbers M and N.

We have for examples,

and

(s1 + 52+ c12)PD(h1 + ho + h3)
=s1+sp+c12+h1+ho+hz+ 12.



In general we have

(M)

(Z 1isi + Z i 5Cq, j)@( Z thk)

1<9
(M)

M
Z s; + Z i iCq 4 + Z vihy

M
+2( Z i) ( Z Vk)

=1

for all possible combinations of u3 = 0,1, uo =
O,1,---,upsy = 0,1 and
v1=0,1,vp,=0,1,.---,v5y =0, 1.

For other cases we have

h;hy = h; + hy,

Dy =z +y.



The operator  satifies the basic rules of the
max-plus algebra,

max(x,y)Pz = zp max(z, y)
= max(zPzx, zPy),

min(x,y)Pz = zP min(z, y)
= min(zPzx, zPy).

We find for examples,

max(0, s;)Ph; = max(0Ph;, s;Ph;)
= max(hj, s; + hj -+ 2)

and

max(0, s;) min(0, h;)
= max (04 min(0, h;), s;H min(0, h,))

max(min(00, 0bh;), min(s;PO0, s;Bh;))
max(min(0, h;), min(s;, s; + h; + 2)).



We assume that 7(1,1) describing an interac-
tion of a soliton with a hole in the ultradis-
crete limit is expressed by,

7(1,1) = 7(1,0)8p7(0,1)

= max(0, s; )b min(0, h;)

= max(0 min(0, h;), ;B Min(0, h;))
max(min(0&0, 0bh ;)
,min(s;B0, s;Dh;))
max(min(0, h;), min(s;,s; + hj + 2))
Max, (min(u;s;, 1is; + hj + 2p:),)
= Max,(Miny(u;s; + vih; + 2uv5,), ).

Hence

T(l, 1) = MaXM(Miﬂy(uiSi -+ V]h] -+ 2/LZ'V]', ), )



Similarly we have r-function,7(1,2) describing
an interaction of 1-soliton with 2-hole is ex-
pressed by,

7(1,2) = 7(1,0)8p7(0,2)
max(0, s1)P Mmin(0, h1,ho,hy + ho)
Mmax(0& min(0, h1, ho, h1 + ho)
, 1B Min(0, hy, ho, h1 + h2)),
= max(min(0, h1,ho,h1 + h»o)

, (Min(s1, s1Dh1, s1Dh2, s1Dh1 + h2))
= max(min(0, h1, ho,h1 + h»o)

,min(s1,s1 +h1 + 2,51+ ho+2

, 51+ h1 + ho + 4).

Hence

7'(1, 2) = I\/Iaxﬂ(l\/lin,,(ulsl + v1h1 + v1ho
+2u1(v1 +12),),).



In general, we conjecture that 7(M,N) de-
scribing interactions of M-soliton with N-hole
in the ultradiscrete limit is expressed by

7T(M,N) = T(M 0)&é7r(0,N)

(M)
— Max,u(z piSi + Z ,uz,ujcz,j:)
=1 1<

N
BMin, (> vih;,)
i=1

(M)
Z piSi + Z PiltiCi j Z vihi
1=1 Z<j k=1

1=1 k

=1



summary

1. A back-ultradiscretization of the Box and
Ball system is obtained (" BBB equation).

Explicit mapping of BBB equation is ob-
tained under periodic boundary condition.

2. An extended box and ball system is ob-
tained by ultradiscretizing BBB equation,
in which the number of balls in a box is
arbitrary, It could be over the capacity of
a box or negative number.

3. Collisions of positive balls with negative-
balls are investigated in detail and an ex-
plicit form describing the collisions are ob-
tained.



