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1. ASEP
-

ASEP = asymmetric simple exclusion process
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dt dt

o~ © 0~ ©

-3 -2 -1 0 1 2 3

Each site is occupied or empty.

During short time dt each particle tries to hop to the
right neighboring site w.p. dt.

If the target site Is occupied, the hopping doesn’t occur

(exclusion).
|
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f # Shock wave

Interesting Phenomena

o Stochactic version

of Burgers equation

# Boundary induced phase transition
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Related Fields
L -

# Nonequilibrium statistical physics
# Probability...Interacting stochastic systems
# |[ntegrable systems

» ¢-orthogonal polynomials
s Random matrix theory
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2. Particle Position: Step Case
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At time ¢
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ajN(t) :position of the Nth particle at time ¢
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Trajectories in Discrete TASEP
- AT N
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LThis IS not free fermion! J
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Aztec diamond

Domino tilings and Schuffling (Jockusch, Propp, Shor)
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TASEP In Aztec diamond




Airy Process

-

Johansson 2005
A2(0), Ao(7): scaled positions of Ny, Naoth particles for step

at — x, (1) at — T, 4 er2/3(t)
Aof0) = LoDy - O D

IP[AQ(O) < Sl,AQ(T) < 89 (] = 1,2)] = det(l — K2X51782)

where the kernel Is

e IS e TTPAIG F VA + ) n<m
T = [0 dAe A IAIE + NAIG +A) >
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GUE Dyson’s BM (tGUE)

fTime-dependent random matrix T
ull(t) ulg(t) + ivlg(t> e UlN(t> + ile(t)_
[T U12(t) — ivm(t) U929 (t) e UQN(t) + i?JQN(t)
_ulN(t) — ile(t) UQN(t) — iUQN(t) “e UNN(t)

u;x(t), vk (t): OU process (Brownian motion in potential)

Dynamics of eigenvalues

A9(0 A
2\%:]%7) As(0), As(T) --- Alry process
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3. Particle Position: Alternating Case

- -
@ @ @
-3 -2 -1 0 1 2 3
One(/N;th) particle ( ) ---GOE
Conjecture

step | alternating
1p | GUE GOE
2p | tGUE | tGOE?

tGOE= GOE Dyson’s BM (= a special case of Calogero

Lmodel) J
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Determinantal Green’s function
Schiitz 1997 -

Probability G(z1,--- ,xn;t)(= G(z1, -+ ,on;tyr, -+, yn; 0))
that V particles starting from vy, 42, --- ,yn (yy < -+ < y1)
areon i, xo, -+ oy (ony < - < x1) attimet

G(fl,QZ’Q, T 7:CN;t’y17y27 L YN O) (: G(ZCl,QZ’Q, T 7:CN7t))

= det|F_;(TN—k41 — YN—j+1; )] j k=1, N

Foleny —ynit)  Foa(ey —yn—15t) -+ Fonyi(eny —yi3t)
|Filen—1 —ynit) Fo(en-1—yn-15t) -+ Fonpa(on—1—y1;t)
Fy_1(z1 —yn;t) Fn—o(x1 —yn—1;t) -+ Fo(x1 —y13t)

mere Fa(w;t) = e 715 300 o(—1)F it = NS2004 N
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Reinterpretation of ¢

Glar vy 1) = Fo(ze —y2;t)  Fi(z1 — y2;1)
b F_1(w2 —y1;t) Fo(z1 —y1st)
s b(xt,23) o(xl,23) mg;(:c%
r3(>x7) L 1 ¥ (i%

where r1 = 21, 2§ = x5 and

¢(r1,22) = 0(x1 > 22), —1(1 < 22)
W (@) = —F_1(x — ;1)
(@) = Fo(w — ya; 1)




Auxiliary weight

r 27 7“ N
H det|¢(z’ o ]4,;1 L det[wj(- )(xé\;l)]yk 10

1 .2 1 .2 ¢($%»5’7?) ¢(33%737%) Cb(
_ ¢(3311,331) Q§(33117332) ¢($%,$?) ¢($%,$%) ¢(
1 1
wé?w wé?uév) wé?w%)
e @) o1 (@)
o @y M EN ) o @)
where ¢\ () = (=1)" "y j(x — a1 t)
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Non-colliding walk interpretation

\— TASEP particle configuration = dynamics of the 1st walker J
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"Half alternating™ initial condition
- a

20+

15+

10- - - -

o] o] @] @] @] @] @] (@] [® [® [ [ [ [T T T TTTTTTTTTITI
15 -10 -5 0 5 10 15
X

# Each particle cannot affect the particles on its right

# Same as alternating case deep inside the negative
(x < 0) region

o |

PSPO7@Hongo — p.16/21



Joint distribution for Alternating

| S2005, BFPS 2006 o
A1(0), A1 (7): scaled positions of 2 particles for alternating

PrOb[Al(O) < Sl,Al(T) < 82] — det(]- o KlXSl,SQ)

Kl(Tlagl; 7-27{:2) — Rl(lefl;TQ,‘SZ) — @1(7_1751;7_2752)
where

> 1 (p—r)(E1+8) | (=) . 2
K1(71’€1;7-27€2):§6 2-T1 1182) | 271 Aj (51;f2+ (7'2 47’1) )

/

_ (&=&)?
(1)1(7-1751;7-2752) = < \/877(72—’7'1) o { 8(T2—1)

\

~ Alternating <:> tGOE (GOE Dyson’s BM) |
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2pt correlation
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4. Tagged particle problem
1S 2007 o

Position of Nth particle for the step Initial condition.

LN

2N = (I — 17
As(T)
Az(0)
1
V:E/N

Airy process = Poster by Imamura
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5. Summary

Fluctuations of ASEP is often described by RMT
Aztec diamond, Green’s function — free fermion
Spatial correlation for the alternating case

Two-time correlation
Finite geometry
Partially ASEP

-
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Conclusion

o N

Wadati group Is a good group

#® Good people (students, postdocs, colleagues, etc)
# Good atmosphere (academic, international, free)
# Good Professor

When asked "What is your best paper ?”,
Wadati-sensei replied "The next one”.
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