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1 Toda = KM = LV

1.1 KM = LV

KM (Kac-van Moerbeke) model:

dRj

dt
= e−Rj−1 − e−Rj+1 . (1)

If we set

uj = e−Rj ,

then (1) is transformed to

LV (Lotka-Volterra) model:

duj

dt
= uj (uj+1 − uj−1) , (2)

since

duj

dt
= e−Rj ·

(
−dRj

dt

)
= e−Rj

(
e−Rj+1 − e−Rj−1

)
= uj (uj+1 − uj−1) .
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[Note] scale invariance

For constant α, LV eq.(2) is invariant by the scaling:

uj → αuj and t → t/α

5



1.2 KM = Toda

Toda lattice:

dQj

dt
= Pj ,

dPj

dt
= e−(Qj−Qj−1) − e−(Qj+1−Qj) (3)

Setting rj = Qj+1 − Qj , we have equivalent form

d2rj

dt2
= 2e−rj − e−rj−1 − e−rj+1 . (4)

If we suppose rj = R2j + R2j+1, where Rj ’s are KM,

drj

dt
=

(
e−R2j−1 − e−R2j+1

)
+

(
e−R2j − e−R2j+2

)
= (u2j−1 − u2j+1) + (u2j − u2j+2),

and differentiate this again, we have

d2rj

dt2
=u2j−1(u2j − u2j−2) − u2j+1(u2j+2 − u2j) + u2j(u2j+1 − u2j−1) − u2j+2(u2j+3 − u2j+1)

=2u2ju2j+1 − u2j−2u2j−1 − u2j+2u2j+3

=2e−rj − e−rj−1 − e−rj+1 ,

which implies KM = Toda.
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1.3 Discretization

dToda:

In+1
j V n+1

j = In
j+1V

n
j , In+1

j − In
j = h2

(
V n

j − V n+1
j−1

)
, (5)

where we set

Vj = e−(Qj+1−Qj) = e−rj , Ij = 1 − hPj .

Heuristic derivation:

V n+1
j

V n
j

= e−(rn+1
j −rn

j ) ∼= 1 − h
drj

dt
= 1 − h(Pj+1 − Pj) ∼=

1 − hPj+1

1 − hPj

∼=
In
j+1

In+1
j

,

and

In+1
j − In

j = −h(Pn+1
j − Pn

j ) ∼= −h2 dPj

dt
= −h2

(
e−(Qj−Qj−1) − e−(Qj+1−Qj)

)
∼= h2

(
V n

j − V n+1
j−1

)
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dLV:

un+1
j − un

j

h
= un

j un
j+1 − un+1

j un+1
j−1 ⇐⇒ (1 + hun+1

j−1 )un+1
j = (1 + hun

j+1)u
n
j (6)

[Note] We can prove dToda = dLV, if we set

V n
j = un

2ju
n
2j+1, In

j = (1 + hun
2j−1)(1 + hun

2j), (7)

since

In+1
j V n+1

j = (1 + hun+1
2j−1)(1 + hun+1

2j ) · un+1
2j un+1

2j+1

= (1 + hun
2j+1)u

n
2j · (1 + hun

2j+2)u
n
2j+1 = In

j+1V
n
j ,

and

In+1
j − In

j = (1 + hun+1
2j−1)(1 + hun+1

2j ) − (1 + hun
2j−1)(1 + hun

2j)

= h(un+1
2j−1 − un

2j−1 + un+1
2j − un

2j) + h2(un+1
2j−1u

n+1
2j − un

2j−1u
n
2j)

= h2(un
2j−1u

n
2j − un+1

2j−1u
n+1
2j−2 + un

2ju
n
2j+1 − un+1

2j un+1
2j−1) + h2(un+1

2j−1u
n+1
2j − un

2j−1u
n
2j)

= h2(un
2ju

n
2j+1 − un+1

2j−2u
n+1
2j−1)

= h2(V n
j − V n+1

j−1 )
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1.4 Discrete Bäcklund Transformation

Bäcklund transformation for Toda: (Wadati-Toda, JPSJ 39, (1975) 1196)
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Bäcklund transformation has the simplest form in terms of KM

dR2j

dt
= A

(
e−R2j+1 − e−R2j−1

)
,

dR2j+1

dt
=

1
A

(
e−R2j+2 − e−R2j

)
. (8)

And these can be discretized as

un+1
2j − un

2j

h
= B

(
un

2ju
n
2j+1 − un+1

2j un+1
2j−1

)
,

un+1
2j+1 − un

2j+1

h
=

1
B

(
un

2j+1u
n
2j+2 − un+1

2j+1u
n+1
2j

)
, (9)

which is rewritten, by setting h0 = hB, h1 = h/B, as

(1 + h0u
n+1
2j−1)u

n+1
2j = (1 + h0u

n
2j+1)u

n
2j , (1 + h1u

n+1
2j )un+1

2j+1 = (1 + h1u
n
2j+2)u

n
2j+1.

Then, if we put

V n
j = un

2ju
n
2j+1, In

j = (1 + h0u
n
2j−1)(1 + h1u

n
2j), (10)

we get dToda again

In+1
j V n+1

j = In
j+1V

n
j , In+1

j+1 − In
j = h2(V n

j − V n+1
j−1 ),

where h0h1 = h2 is used.
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2 Determinant and Simulation

2.1 Determinant Expression for dLV

dLV with Periodic Boundary Condition

We consider dLV

(1 + hun+1
j+1 )un+1

j = (1 + hun
j−1)u

n
j ,

with periodic boundary condition uj+N = uj . Setting xn
j = hun

j , we have

(1 + xn+1
j+1 )xn+1

j = (1 + xn
j−1)x

n
j . (11)

Case of N = 3:

(1 + X1)X0 = (1 + x2)x0, (1 + X2)X1 = (1 + x0)x1, (1 + X3)X2 = (1 + x1)x2

have solution

X0 = x0
1 + x2 + x1x2

1 + x1 + x0x1
, X1 = x1

1 + x0 + x2x0

1 + x2 + x1x2
, X2 = x2

1 + x1 + x0x1

1 + x0 + x2x0
,

which are expressed as

X0 = x0
∆1

∆0
, X1 = x1

∆2

∆1
, X2 = x2

∆0

∆2
.
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Note that ∆0 has a determinant form:

∆0 =
∣∣∣∣ 1 x1

−(1 + x0) 1

∣∣∣∣ .

General case of N :

We have

X0 = x0
∆1

∆0
, · · · , Xj = xj

∆j+1

∆j
, · · · , XN−1 = xN−1

∆0

∆N−1
,

where

∆0 =

∣∣∣∣∣∣∣∣∣∣
1 x1

−(1 + x0) 1 x2

· · ·
−(1 + xN−4) 1 xN−2

−(1 + xN−3) 1

∣∣∣∣∣∣∣∣∣∣
. (12)
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Other Models

We have similar Determinant Formulas (K. Sogo, JPSJ 75, (2006) 084001) for

dKdV, dToda, dKP etc. .

Such explicit expressions can be used in numerical simulations quite effectively.
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2.2 Simulations

dLV

dLV with 4 solitons.
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dKdV

Zabusky-Kruskal case.
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Real-Time Simulation of dLV of N = 3

#lv3.py

from Tkinter import *

WIDTH=800

HEIGHT=600

h,h2=0.001,h*h

x0,x1,x2=2.0,1.0,0.5

canvas=Canvas(width=WIDTH, height=HEIGHT,bg=’white’)

canvas.pack(expand=YES, fill=BOTH)

for n in range(0,8000):

D0,D1,D2=1+h*x1+h2*x0*x1,1+h*x2+h2*x1*x2,1+h*x0+h2*x2*x0

x0,x1,x2=x0*D1/D0,x1*D2/D1,x2*D0/D2

if((n%10)==0):

xx,y0,y1,y2=n/10,HEIGHT-x0*200,HEIGHT-x1*200,HEIGHT-x2*200

canvas.create_rectangle(xx,y0,xx,y0,width=1,fill=’black’)

canvas.create_rectangle(xx,y1,xx,y1,width=1,fill=’black’)

canvas.create_rectangle(xx,y2,xx,y2,width=1,fill=’black’)

mainloop()
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3 body dLV
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0 100 200 300 400 500 600 700 800

"dat" using 1:2
"dat" using 1:3
"dat" using 1:4

3 body dLV

Simulate, Guess, and Verify.
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3 Toda = Baxter ?
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3.1 Solution of 3 body LV

Differential equations

dx

dt
= x(y − z),

dy

dt
= y(z − x),

dz

dt
= z(x − y) (13)

can be solved by using the conservation law

x + y + z = a, xyz = 1.

Eliminating y and z, we have (
dx

dt

)2

= x(x3 − 2ax2 + a2x − 4),

where the RHS is factorized by real numbers α > β > γ > 0 as(
dx

dt

)2

= x(x − α)(x − β)(x − γ), (14)

which satisfy
√

α =
√

β +
√

γ.
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Equation (14) is solved as

γ

x
= 1 − β − γ

β
sn2ξ,

(
ξ = ωt, ω =

√
β(α − γ)

2

)
. (15)

The modulus of the elliptic functions is defined by

κ2 =
α

β
· β − γ

α − γ
(16)

Others are

γ

y
= 1 − β − γ

β
sn2(ξ + ζ),

γ

z
= 1 − β − γ

β
sn2(ξ + 2ζ),

where ζ = 2K(κ)/3. These recover the results of simulation.
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3.2 Calculation by Toda

Toda gave a calculation of N=3 Toda lattice with a special symmetric initial condition, which contains

several hard calculations such as

sn
(

K

3

)
=

√
β

α
.

And his results have one to one correspondence with ours of N = 3 LV.

Why ?

Although the solutions of N = 3 Toda are, in general, expressed by hyperelliptic functions of g = 2,

Toda’s solution is expressed by elliptic functions of g = 1. The situation may be interpreted as follows.

In general, we have an equivalence:

(3 body Toda) = (6 body LV).

There is the case, however, that the period of LV is reduced from 6 to 3, that is,

R3 = R0, R4 = R1, R5 = R2.
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Using the Bäcklund relations, these are satisfied when

Q′
0 = Q2, Q′

1 = Q0, Q′
2 = Q1,

and simulations of this case give a behavior of g = 1.

Further we have another similarity of 3 body LV with Baxter’s eight vertex model. For example,

the RHS of (15) can be factorized as

1 − sn2ξ

sn2η
=

Θ2(0)H(η − ξ)H(η + ξ)
H2(η)Θ2(ξ)

,

(
sn2η =

β

β − γ

)
(17)

which is a familiar formula in the eight vertex model.

This coincidence indicates also that the spectral parameter of the eight vertex model corresponds to

time variable ξ of LV = Toda with PBC.

Such is the reason of the statement

Toda = Baxter.
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3.3 Simulations of 3 body Toda by using 6 body LV

Symmetric Case:
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"dat" using 1:2
"dat" using 1:3
"dat" using 1:4
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Asymmetric Case:
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"dat" using 1:2
"dat" using 1:3
"dat" using 1:4
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